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Hence, when A I and B I form an angle witli eadli other bo 
oblique as to make it difficult to determine precisely their point of 
intersection, we may proceed as follows to increase the precision of 
that determination : — Lay off any convenient equal distances, A d* 
= ££?", along A B from A and B respectively, to represent the 
longitudinal component of their velocities. Then complete the 
rectangular parallelograms Ad' af, 'Bd''hg; draw the straight 
line /g, cutting A B in D. Then from D perpendicular to A B 
draw D I ; this line will traverse the instantaneous axis, and will 
increase the precision with which it is determined. 

This last way of considering the motion of the piece is equivalent 
to regarding that motion as compounded of a rotation about an axis 
at D and a translation of that axis, and of the whole body along 
with it, with the velocity represented by D dL 

III. Given (in fig. 37 or fig. 38), the prcjectiona A and B, ai a 
given instant, of two points in a moving piece on the plane of motion, 
and the ratio of their vdodtieSy uhich are both perpendicular to the 




Kg. 37. 



Fig. 33. 



projection, A B, o/tlieir line of connection, to find the instantaneous 
axis of motion of the piece. Perpendicular to A B draw the straight 
lines A a, Bb, bearing to each other the given proportion of the 
velocities of the two points: draw the straight line ah; the point 
of intersection, I, of A B and a b (produced if necessary) will be 
the projection and trace on the plane of motion of the required 
instantaneous axis. 

That axis may then be used as in the preceding Rule to determine 
the comparative motions of any set of points in the moving piece. 

70. RofatioM about a Fixed Point.— Every possible motion of 
a rigid body relatively to a point in the body is reducible to 
rotation about an axis, permanent, temix)rary, or instantaneous, 
as the case may be, which traverses that point This is proved 
by showing that tJie following problem is always capable of 
solution : — 

X Given, at any instant, the directions qf motion of any two 
/wnfy, B, C (Bg. 39), in a rigid body rdaJixxdy to a ^-nt^ A^tn the 



M 

cf B mmd C; ^mt m to ms^j of Uw two planei Amdj men^ned, 
wkidi Ua i as e the inaUntmeooB axis and the potntB B and 
req^ect i T d y ; and T n tMe trmot qf ike tfutenteneoii* axis on ^ 
second plane of projection. From V let £dl I' I peipendiciilar to 
B C; then I is the projectioii of T on the first plane of projectiou. 
Draw the stxaig^t lines A I, AT: tiiOBe aie ike profeeUons of 
ike inslanlaneoue axis, 

IL To draw ike projectiom of Ae points B and on a plane 
perpendicular to the insianianeous axis^ and to find the eomparative 
motion qf those points. In BC, fig. 39, take I F = TA!; draw 
A G pandlel and F G perpendicolar to B C, catting eadi otiier in 
G; join I G : this line will be the labatment of I A. From B' 
and CT let £Bdl B H and C K perpendicular to T A' (produced if 
reqnirod> . In BC take IL = TE^ and IM = TK; then G, L, 
and M will represent the req)ective projections of A, B, and C 
tipon a plane whidi traverses the instantaneoos axis, and is per- 
pendicular to the second plane of |»t>jection. From L and M let 
&11 LN and M P perpendicular to I G. Then, in fig. 40, let 
the paper represent a plane of projection perpendicular to the in- 
stantaneous axis : let A be the trace and projection of that axis, and 
A / the trace of the plane already mentioned as being perpendicular 
to the second plane of projection in ^. 39. Hake A ^ in fig. 40 
= N L in fig. 39, and A m in fig. 40 = P M in fig. 89. Draw 
2 B in fig. 40 perpendicular to A ^ in fig. 40 and = H B* in fig. 39 ; 
also m C in fig. 40 perpendicular to A Hn fig. 40 and = K CT in 
i^, 39. Join A B, A C. Then B and C in fig. 40 will be (Ad 
projections required; and the velocities of B and C relatively to 
A will he perpendicidar in direction and proportional in magnitude 
to AB arui A C respectivdy. 

Another mode of finding the comparative motion of A and B is 
the following : — ^According to the principle of Article 54, page 32, 
the component velocities of B and C along their line of connection, 
B C, are equal Therefore, in ^g. 39, lay off" along B C and F C 
the equal distances Be?, Cc, B'cT, C'e', to represent that com- 
ponent ; then draw db'db, c'e'ce perpendicular to B C, cutting 
B6in6, B6'in6', C c in c, and Cc' in c'; then B 6 and B' 6' will 
be the projections of the velocity of B relatively to A; and C e and 
C e' will be the projections of the velocity of C relatively to A. 
Then, by the rule of Article 19, page 7, find the lengths of the 
lines of which B 6 and B' b\ C c and C c' are the projections; the 
ratio of those lengths to each other will be the velocity-ratio of the 
two pointa 

71. Unrestricted HotlMi •f a Rigid Body.— How complicated 

soever the motion of a rigid body may be, it may always be 

jv^rded aa made up of a change of position of the body as a 

nrAo/e — tiat is, a toinalation of the body, and a <^wi^ oi^ioaition of 
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Bense^ which comprehends cylinders and cones with bases of any 
figure, as well as those with eircular bases. 

In fig. 4:1, let the plane of the paper represent a plane of 
projection perpendicular to the straight line in which the fixed 
and the rolling surfaces touch each other; let T be the projection 
and trace of that straight line, which is the instantaneous axis of 
the rolling body. Let A be the projection at a given instant of a 
point in the rolling body; then at that instant A is moving with 
A velocity proportional to A T, and in a direction perpendicular to 
the plane traversing A and the instantaneous axis, of which plane 
A T is the trace. 

It follows that the path traced by a point such as A in a rolling 
body is a curve whose normal, A T, at any given point, A, passes 
through the corresponding position, T, of the instantaneous axis. 
Curves of this class are called rolled curves; and some of them are 
useful in mechanism, as will be explained farther on. 

73. Cmmptitimwk •£ IUUitl«M with Trmmlailon.— Fiom Article 52, 

page 30, it appears that the single rotation of a body about a 
fixed axis (such as O, fig. 19, page 26) may be regarded as com- 
pounded of a rotation with equal angular velocity about a moving 
axis parallel to the fixed axis (such as that whose trace is A, fig. 
19), and a translation of that moving axis carrying the body along 
with it in a circle round the fixed axis of the radius O A; A 
similar resolution of motions may be applied to rotation about 
an instantaneous axis. For example, the rotation of the rolling 
•body in fig. 41 about the instantaneous axis, T, may be conceived 
to be made up of a rotation about another axis, C, parallel to the 
instantaneous axis, and a translation of that axis. 

The present Article relates to the converse process, in which 
there are given a rotation of a secondary piece about an axis 
occupying a fixed position in the piece, and a translation of that 
axis relatively to the frame in a direction perpendicular to itself — 
that is, parallel to the plane of rotation; and it is required to find, 
at any instant, the instantaneous axis so situated that a rotation 
about it with the same angular velocity shall express the resultant 
motion of the piece. 

In fig. 41, let the plane of the paper be the plane of motion, 
and let C be the projection and trace of the moving axis — amoving 
relatively to the frame, but fixed as to its position in the secondary 
piece. Let C U be the direction of the translation of that axis, 
caiTying the moving piece with it ; and let the velocity of transla- 
tion be so related to the angular velocity of rotation as to be equal 
to the velocity of revolution about the axis C, of a particle whose 

- ,, . . . i^ m velocity of translation _, 

ibBtance irom that axis is CI = =^ = — r- . Draw 

angular velocity 

V T of the length bo determined, in a dk^Xlvou ^ec^^esidicular 
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PEEFACE. 



This book is divided into three parts: the first treats of the 
Geometry of Machinery; the second of the Dynamics of Ma- 
chinery; and the third of the Materials, Strength, and Con- 
struction of Machinery*. 

Under the head of the Geometry of Machinery, machines are 
considered "with reference to the comparative motions only of 
their moving parts; and rules are given for designing and arrang- 
ing those parts so as to produce any given comparative motion. 

Considering that the object of such rules is to adjust the dimen- 
sions of the parts of machines by })roces8es of practical geometry, 
I have thought it advisable to solve every question by drawing, 
lilt her than by calculation, except in a few special cases where 
calculation is indispensable. 

!Many of the graphic rules thus obtained are made more easy 

and accurate, and some, indeed, are made possible which were not 

so before, by the aid of new methods of measuring and laying off 

the lengths of curved lines. 

■ Two chapters of the first part are devoted to the detailed con- 

^ sideration of the movements of single pieces in machines. The 

I remainder of the part relates to Pure Mechanism, as defined and 

reduced to a system by Professor Willis. The order in which 

the various combinations in mechanism are treated of is different 

from that adopted by him; but the principles are the same. 

^ Sevei*al problems in mechanism are solved by methods which, 

I so far as I know, have not hitherto been published; and which 

' possess advantages in point of ease or of accuracy. I may specify, 

iu particular, the drawing of rolling curves, and of some kinds of 

cams ; the construction of the figures of teeth of skew-bevel wheels, 

and of threads of gearing screws, by the help of the normal section; 

and some improvements in the details of processes for designlti^ 

intermittent gear, link-motio725, and parallel motions. 

TJnder the head of the Dynamics of Afachinery are COT\SvdeteA. 
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Let T be the trace of the iostantaneous axis, or line of contact 
of the cylinders, at the instant when the tracing point is at A; so 
that A T is the normal to the epicycloid at A, and O T and T 
the radii of the fixed and rolling cylinders, being two parts of one 
straight line. Through O draw O E parallel to A 0. Bisect O T 
in D, and draw the straight line A D £, cutting O E in E. Through 
E draw E F parallel to O T, and cutting A T (produced as far as 
required) in F. Then A F will be the radius en corvatore of the 
epicycloid at the point A 

The following formula serves to find A F by calculation ; 

. ^ ATOC* ,,. 

^^=-^D- (^•> 

It is sometimes more convenient to calculate the distance, T F, of 
the centre of curvature, F, from the instantaneous axis, T, and that 
is done by the following formula : 

TIT AT'O D_ A T'OT 

the use of which, in designing the teeth of wheels by Mr. Willis's 
method, will appear farther on. 

79. T« Draw Rolled Carres.— A rolled curve may be drawn by 
actually rolling a disc of the form of the rolling curve, carrying a 
suitable tracing point, upon the edge of a disc of the form of the 
fixed curve. But it needs much care to perform that operation with 
accuracy, except with the aid of machinery specially contrived for 
the purpose, such as is to be found in certain kinds of turning lathes. 

For ordinary purposes in designing machinery, approximate 
methods of drawing rolled curves are used, such as tiie following : — 

I. To draw approximatdy a rolled curve by the help qf tangent 
circles, — In fig. 47, let A B be the fixed curve, and A D the 
rolling curve, touching the fixed curve at A, which is also the 
position of the tracing point at starting. The curve A D rolls 
from A towards B; and it is required to draw approximately the 
curve traced by the point A. By Kule III. of Article 51, page 
29, lay off on each of the two curves A B and A D a series of 
equal arcs, A 1, 12, 23, 34, kc Measure the straight chord from 
1 to A on the curve A D, and with 11 = 1 A as a radius, and the 
point 1 on the curve A B as a centre, draw so much of a circle as 
lies near the probable position of the rolled curve; measure the 
straight chord from 2 to A on A D, and with 22 = 2 A as a radius, 
and the point 2 on the curve A B as a centre, draw in like manner 
j)art of a circle; and go on, in the same way, drawing a aeries of 

/ ^^^pi^oof of tbia IB as followB : — Let the raidiuB ol t\» vS!^xE^LQ^li3Dda\ 
<^ ^ = a T = rj let that of the fixed cylinder, T «'B^ -ffteiSi la V^\a 
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free hand, or with the help of a bent spring, draw a curve, A E, 
80 as to touch all those circular arcs ; this will be very nearly the 
rolled curve required 

The curve A E is called the '^ Envelope" of the series of arcs 
that it touches. 

II. To find a aeries of poirUa in a rolled curoe. — Draw a series of 
tangent circular arcs as in the preceding rule; then draw the 
several normals, 11, 22, 33, 44, &c., as radii of those arcs; the 
direction of each normal being determined by the principle, that at 
the point where it meets the fixed curve A B, it makes an angle 
with a tangent to that curve equal to the angle which the corre- 

normal of the epicycloid, Tl K=p; and let the required radins of ciirvatitre. 



Let the angnlar velocity of the rolling cylinder, relatively to the rotating 
_ lane O C, be denoted by b, and tiiat of the plane O C by a, so that the 
resultant angular velocity of the rolling cylinder is a + b. Then, because 



the angle T A is the complement of one-half of the angle T C A, it is 
evident that the angular velocity of T A is a + 5. But according to Article 
76, a R =^ 6 r; therefore 

In any indefinitely short time, d t, the normal sweeps through an angle 
whose value in circular measure^is 

and the point A traces an arc of the length 

d8 = {a + b)pdt=*b(l + ^)pdt; 

therefore the radius of curvature of tne epicycloid at the point A is 

_d*. 1 + R PJ^-^-) AT'OC 
^'de-P I .r- I CD^' 

2 + R 2^ + *^ 

This formula is made to comprehend the case of a cycloid by making 
K = 00, when it becomes p » 2 p; and that of the involute of a circle by 
making r = od, when we have p =» j?. When the epicycloid is internal, and 
R and r denote arithmetical values of those radii, the sign — is to be sub- 
stituted for + both in the numerator and in the denominator of the formula. 
The symbolical expression for equation 2 of the text is 



pR 

^-^=RTTP 



with the same understanding as to the sini in the denominator. In the case 

already referred to at the end of Article 77, when a cylinder rolls inside a 

cvlinder of twice its diametor, we have R = — 2 r, and the denominator of 

i/re expression for p becomea ~ 0; showing that the radius of curvature is 

itt&jite; or, in other words, that the epicycloid traced HaSk^^xv^tUne^ as 

^^tedin the text When the rolling cylinder ia conoiv^ t ^aTlsesl^aN^ 
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pointB, A, D, B, C. Draw the diameter F E G, bisocUng the tro 

AfiinFandtbearoBCAinO. 
DmT the straight line GD, in whidi take GH = G A = G B. 
Through H, parallel 
to F £ G, draw the 
Btntight Ime H K L, 
cnttuig A C in K 
and B G in L. Then 
about E, with the 
ndius K A = K H, 
draw the oircnlar arc 
A H ; and about L, 
with the ndina L H 
= L B, draw the 
cimilar are H B : the 
corre made up of 
those two circular 
area will be a close 
approximation to the 
epicycloidal arc, hav- 
ing the same position 
and bn gents at its 
two ends, and being 
Ter; near to the true 
arc at all intermediate 

It ma7be nmaited 
that G H = O A = 
GB = ^(HK:-HL) 
approximates very 
closely to the mean 
radius of currature 
of the epicycloldal arc 
AB; also that the 
process deecribed is 
applicable to the ap- 
proximate drawing of 
many curree bemdes 
epicycloids; and that 
tlie ratio of the two radii, H L : H E, deviates less &om equality 
than that of the radii of any other pair of circular arcs which 
can be drawn so as to tonch A D in A and B D in B, and also to 
touch each other at an intermediate point* 
• Hziamajr be eipresied symbolicaLy by stating that (SJ'- Z. g . ^ ) i* * 
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equation then becomes of the sixth order; and it is to be solved so 
as to find A. This can be done by approximation only; and a 
convenient method of approximation is as follows : — ^Assume for q 
an approximate value, q', somewhat less than that of s (say 
q' = 0*9 s). Then calculate an approximate value, h\ of the 
diameter, from equation (3), viiL : — 



:-{^)^y (M 



h 

9 

Then calculate, for p, an approximate value, p^, from equation (2), 
viz. : — 

/? = (cos t + m)—^; (6.) 

and from the approximate value of p' calculate a second approxi- 
mate value of q, as follows : — 

q'=J(^-»p'y (7.) 

Should this agree with the first approximate value, q, the 
approximate diameter, h\ will answer; and should there be a 
difference, a second approximation, h", to the required diameter is 
to be computed, as follows : — 

*" = A'(|i)^ (8.) 

When, as is usually the case, the difference, rf-^,w small com- 
pared with ^, the following formula for the second approximation 
is sufficiently near the truth : — 

A third approximation might be found by repeating the process; 
but (he second approximation will, in general, be found accurate 
enough for practic^ purposes. 

467. Centrifmgimi wuriing •fMuUla.* — Any small deflection of the 
centre line of a shaft from the straight axis of rotation gives rise, on 
the one hand, to centrifugal force, tending to make the deflection 
become greater; and, on the other hand, to elastic stress, resisting 
the deflection, and tending to straighten the centre line again. The 
resistance to deflection may be shortly called the sliffheaa. In 
very small deflections, the centrifugal force and the stiffness both 
increase according to the same law, being both sensibly propor- 

* The tmhstance of thia Article first appevradi m >i2^<^ Envn^'Mfft ^ ^^&^ 
9th AprH 1869, 
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66 QBoxEntT or machiseet, 

porfcional to the area of a triangle having for its baae the length 
marked on that axis, to represent that angular Telocity, and for its 
summit the point E j so that the velocities of a particle at £ due 
respectively to the rotations about 

O A, OB, O C 

are proportional respectively to the areas of the triangles 

OAE, OBE, OCR 

Through A and B draw A G and B H perpendicular to O C, and 
join E G and E H. Then, by plane geometiy, 

OAE=OGE;andOBE = OHE= GCE; 

therefore 

OCE=OGE+GCE=OAE+OBK 

So that the velocity of E due to the actual rotation about O C is 
the resultant of the velocities due to the rotations about O A and 
OB; the angular velocities being proportional to the lengths laid 
off on the axes respectively. 

To prove the same proposition for a particle at D", whose 
projection on the third plane is O, it is to be considered that the 
perpendicular distance of this point from the three axes, O A, O B, 
and O C, is identical, being the line marked O" D" and O' D' on 
the first and second planes; so that the velocities of D due to 
the three rotations are simply proportional to the three angular 
velocities. To represent, then, those three velocities as projected 
on the third plane, draw Oa, Ob, and O c perpendicular and 
proportional respectively to O A, O B, and O C. It is evident 
that O a, Oby and O c are the sides and diagonal of a paral- 
lelogram similar to OBCA; and therefore that the velocity 
of D" due to the actual rotation about O is the resultant of the 
velocities due to the ' rotations about O A and O B, the angular 
velocities being proportional to the lengths laid off on the axes 
respectively. 

The proposition, therefore, is proved for both components of the 
velocity of a particle at F" ; and it holds for any particle whose 
projection on a plane perpendicular to the axis O C is F" ; that is, 
for every particle of the body, and therefore for the whole body : 
Q.RD. 

It appears, then, that rotations, when represented by lengths 
laid off on their axes proportional to their angular velocities, can 
be compounded and resolved, like linear velocities, by constructing 

SI. Maimtimmm mb^mt Faiewectiiig kxtm € »m twB fc4 wi> (i.i/.,392). 
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produce ; and the ^^Dynamica of Machinery l^ which shows what 
modifications of force accompany given modifications of motion, 
and what modifications of motion are required in order to produce 
given modifications of force. 

3. stMMgth •f niachiMeiT*— In Order that a machine may be fit 
for use, every part, both of the machinery and of the framework, 
must be capable of bearing the utmost straining action which can 
be exerted upon it during the working of the machine, without any 
risk of being broken or overstrained ; and the dimensions requii^ 
for that purpose are to be determined by the proper application of 
the principles of the strength of materials. 

4. The Alt of the CoBstmcaon •€ BiachiMenr consists of three de- 
partments, — the selecting and obtaining of suitable materials for the 
])art8 of the mechanism and framework ; the shaping of those parts 
to the pi*oper figures and dimensions by means of suitable tools; 
and the fitting-up of the machine, by putting its parts together. 

5. Viriiioii or die Sabject.— For the reasons explained in ihe 
preceding Articles, the subjects of this work are treated of under 
four principal heads, — Geometry of Machinery, or Pure Mechani8m| 
Dynamics of Machinery : Materials, Construction, and Strength « 
Machinery. 
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andy oombining this proportion with that given in equation 1, we 
obtain the following proportional equation : — 

sin C O T : sin A O T : sin A ] 

: : a : 6 : c / (2.) 

: : Oa : 6 : O c) 

That is to say, the angular vdocUies of the component and restdtant 
rotations are each proportional to the sine of the angle betioeen the axes 
of the other two; and tlie diagonal of the paraUdogram O b c a repre- 
sents both tlie direction of the instantaneous axis and the angular 
vdoeUy ahoiU that axis. 

82. itolliiic €«aM. (A. M., 393.) — ^All the lines which succes- 
sively come into the position of instantaneous axis are situated in 
the surface of a cone described by the revolution of O T about 
O 0; and all the positions of the instantaneous axis lie in the 
surfjEu^e of a cone described by the revolution of O T about O A. 
Therefore the motion of the secondary piece is such as would be 
produced by the rolling of the former of those cones upon the 
Litter. Oircular sections of the two cones are sketched in perspec- 
tive in fig. 51. 

It is to be understood that either of the cones may become a 
flat disc, or may be hollow, and touched internally by the other. 
For example, should .^^ A O T become a right angle, the fixed cone 
would become a fiat disc; and should .^^AOT become obtiise, 
that cone would be hollow, and would be touched internally by 
the rolling cone ; and similar changes may be made in the rolling 
cone. 

The path described by a point in or attached to the rolling cone 
is a spherical epiirochoid; and if that point is in the surface of the 
rolling cone, that curve becomes a spherical epicycloid. It will be 
shown in the next chapter how to draw such curves — not exactly, 
but with a degree of accuracy sufficient for practical purposes. 

83. B««olaa«ii •f Belicai Bi«u«ii. — The resolution of helical or 
screw-like motion into rotation about an axis and ti-anslation along 
that axis has ali<eady been treated of in the last section of the 
preceding chapter. It remains to be shown how a helical motion 
may be regarded as compounded of two rotations about two axes 
which are in difierent planes. 

In ^g. 52, let the lower part of the figure represent a plane of 
projection, and O A and O B the projections upon that plane of 
two axes which are both parallel to it, but not in the same plane. 
Let the upper part of the figure represent a second plane of pro- 
jection perpendicular to the first plane; and let F G' be the 
projection on that second plane of the common perpendicular of 
t^ose two axes (Article 36, page 14), Let «». T\^<i \»&:5 \MBcve a 
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X Z Z X is the vertical plane of projectioii, and X Y Y X iha 
horizontal plane of projection; B is the Tertical projection^ and C 
the horizontal projection of the point A ; and those two projections 
tompletely determine the position of the point A; for no other 
point can have the same pair of projections. 

9. The Axto •f Pri(iecu«a is the line X X, in which the two 
planes of projection cut each other. 

10. BaiMitMeat.— When the two projections of an object are 
shown in one drawing, it is convenient to represent to the mind 
that the following process has been performed : — Suppose that the 
vertical plane of projection is hinged to the horizontel plane at the 
axis X X, and that after the projection of the object on the vertical 
plane has been made, that plane is turned about that axis until it 
lies flat in the position X2;2;X, soastobe continuous with the 
horizontal plane : thus brioging down the projection B to 6. This 
process is called the ixibcUment of the vertical plane upon the 
horizontal plane ^ use a term borrowed from the French 
**rabaitement** by Dr. WooUey). The two points C and b are in 
one straight line perpendicular to X X The process of rabatment 
may be conceived also to be performed upon a plane in any position 
when a figure contained in that plane is shown in its true dimen- 
sions on one of the planes of projection. 

11. PrijecUMM •f lilacs.— The projection of a line is a line con- 
taining the projections of all the points of the ])rojected line. The 
projection of a straight line perpendicular to the plane of projection 
is a point; for example, the projection on the vertical plane, 
'KZZX. (fig. 1), of the straight line A B, perpendicular to that 
plane, is the point B. The projection of a straight line in any 
other position relatively to the plane of projection is a stnught 
line. If the projected line is parallel to the plane of projection, 
its projection is parallel and equal to the projected line itself; thus 
the projection on the horizontal plane, X Y Y X, of the horizontal 
straight line A B, is the parallel and equal line CD. If the pro- 
jected line is oblique to the plane of projection, the projection 
is shorter than the original line. 

The projections, on the same plane, of parallel and equal straight 
lines are parallel and equal. The projections, on the same plane, 
of parallel lines bearing given proportions to each other are 
parallel lines bearing the same proportions to each other. When 
the plane of a plane curved line is perpendicular to a plane of 
projection, the projection of the curve on this plane is a straight 
line, being the intersection of the plane of the curve with the plane 
of projection. Wben the plane of the projected curve is parallel 
to a plane of projection, the projection of the curve on this plane 
is similar and equal to the original curve. In all other cases, it 
foJlowa from the preservation of the propotViona oi «b «ft\. o1 \m^<^ 
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xotation about an intermediate axis, O C, in the same plane, with 
an angular velocitj represented hy 

OC = O'C = FA' + G'F; 

and that axis of resultant rotation divides the distance F' G' in 
the following proportion : — 

0'0':FA':G'B' 
: : F G ; O' G' : O' F. 

To find the point C by graphic construction, draw F ff, 
mrallel to A O and G H' parallel to B O, cutting each other in 
H'; then through H' draw H' O' C' parallel to O C. 

Moreover, the component rotations represented by O F and O G, 
about the axes F and G, are of equal and opposite angular velocities ; 
and therefore, according to Article 76, page 54, they are equivalent 
to a translation in the direction O 0, with a velocity represented by 
the product O F • F G. 

That translation being compounded with the resultant rotation 
represented by O C, gives finally, for the resultant motion of the 
body, a heliccU motion about the axis whose projections are O and 

o e. 

The pitch of that helical motion, or advance per turn, is found 

by multiplying the rate of advance, O F, F G, by the time of one 

6*2832 
revolution, ^ ^ ; and is therefore equal to the circun^erence oj 

O F • F G' 
a circle whose raditis is — ^^-^ — . Draw F K' perpendicular to 

O B, and G' K' perpendicular to O A, cutting each other in K' 
(which will be in the straight line H' O C). Then it is evident 
that F K' G' and A O are similar triangles; and because 
D A = O F, we have the following proportion : — 

O C : F : : F G : O' K' = ~^j^ ; 

Therefore the pitch of the resuUant helical motion is equai to Hie 
circumference of a circle whose radius is O' K!; and the rate of 
advance may he represented hy the product O C • O' K'. 

84. Boiling Brperboloids.— Conceive the straight line O C to 

represent an indefinitely long straight edge, rigidly fastened to the 

arm O' F', and sweeping along with that arm round the axis O A; 

then conceive the same straight line to be rigidly fastened to the 

arm O' O', and to sweep along wiih tbia arm round the axis O B. 

^^us are goDented s pair of sorEaoea call^ RoUiag H^]^«iVA^(mU^ 
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two planes of projection. The rahaJtmiOd of the treoe is repre- 
sented by e. 

A stnught line parallel to one of the planes of projection has 

only one trace, being the 
point where it cats the 
other plane of projec- 
tion. 

A straight line paral- 
lel to the axis of prqjeo- 
tion has no traoesL 

15. The TnMs •€ • 
PiMM are steigfat lines 
which (unless they are 
both parallel to the axis 
of projection) meet that 
axis in one point Tlie 
position of a plane is 
completely determined 
when its traces are 
known. For example, the plane A B C, in fig. 2, has its positiim 
completely determined by its traces, B A and B C. 

A plane perpendicular to one of the planes of projection has its 
trace on the other plane of projection perpendicular to the axia of 

E rejection. A plane perpendicular to both planes of projeotlMi 
as for its traces two lines perpendicular to the axia ThoSi in 
%• \ P^ge 3, Uie traces of the plane A B C D are D C and D B^ 
both perpendicular to X X. 

A plane parallel to one of the planes of projection has a trace on 
the other plane of projection only, being a straight line parallel 
toXX 

If a plane traverses a straight line, the traces of the plane 
traverse the traces of the line. 




Fig. 2. 



SsGTiov III. — Rules EekUing to Straight Lines. 

16. OMMnd BzFiMi«ti«Ba.— In each of the figures illustraliog 
the following rules the axis of projection is represented by X X; 
and in general the part of the figure above that line represents 
the rabatment of the vertical plane of projection, and the part 
below, the horizontal plane of projection. The projections of 
points on the horizontal plane are in general marked irith 
capital letters, and the projections on the vertical plane with amatt 
lettera 

17. €Mtwi (in fig. 3), tke Tnwest A, 6, •f m Smigirt Um^ t» 

Smw te PTC^eca«B«.— From A and 6 let fiUl A a and h B perpen^ 
iticalar to X X^ Then a will be ihe vet^<»l y^\^\as»^ ^ ^ 
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cases proceed as follows : — Divide the oircamferenoe ezaedy, by 
plane geometiy, into such a number of equal arcs as may be re- 
quired in order to give sufficient precision to the approximative part 
of the process. Let the number of equal arcs in that preUminaiy 
division be called n. Divide one of them, by means of Bule Y., 
into the required number of equal parts; n times ose of those 
parts will be one of the required equal arcs into whidi the whole 
circumference is to be divided 

Rules L, IIL, and Y., are applicable to arcs oi other carves 
besides the circle, provid^ the changes of curvature in such arcs 
are small and gradual. 

52, Relative Twrnilati— m€ m garfr m€ Bmim»B im m »ftl«g Figee, — 

In fig. 19, page 26 (where O, as already explained, is at onoe the 
projection and the trace of a fixed axis of rotation on a plane 
perpendicular to it, and A the projection of a point in the loteting 
piece), let B be the projection of another point in the rotating pieoCy 
and A B the projection of the straight line connecting tiioae two 
points. The point B describes a drole of the radius O B about the 
fijced axis; and the radii O A and O B sweep round with the 
angular velocity common to all parts of the rotiUing piaoe, so that 
by the time that A has moved to the position A', B has moved to 
the position K, such that the angles A O A' and B O B' are equaL 
In order to determine the motion of one of those moving points 
(as A) relatively to the other (as B), it is to be considered that, 
owing to the rigidity of the body, the length of A B is invacmbley 
and that the change of direction of that line (as projected on the 
plane of rotation), consists in turning in a given time through an 
angle equal to that through wliich the whole piece turns. In fig: 
20, take B to represent at onoe the trace and the projection, on a 
plane of rotation, of an axis parallel to the fixed axis, and traversing 
the point B. Draw B A in fig. 20 parallel and equal to B A in 
fig. 19; and B A' in fig. 20 parallel and equal to K A' in fig. 19. 
Then A and A' in fig. 20 repi'csent two successive positionB of A 

with the Bommit poioting away from tlic centre of the arc; a Btnig^ line 
from the centre of the arc to that summit will bisect the arc (2.) tV fnorfc 

tJie sixth jHirt of the ciraimftrence of a cirde. Lay off 
a chord eqaol to the radius. (3.) To mari ^ iiaUk 
part of if it circuwference of a cirde. In fig. 94 A, 
draw the straight line A B = the radius of the oirde; 
and perpendicular to A B, draw B C = i A B. Join 
A C, and from it cut off C D = C R AD will he the 
chord of one-tenth part of the circumference of the 
Fi£r. 34 a. circle. (4) For theffteenth part, take 1^ difleranoe 

between one-sixth and one-tenth. It may be added, 

that Gauss discovered a method of dividing the circumference of a circle by 

geometry exactly, when the nnmbcr of equal parts is any prime nnmber that 

IB equal to 1 + 3 power of 2; such as 1 + 2* = 11 •, \ -V ^^ ^^STl^twi.; but 

eae meihod ia too laborious for use in draigDm^iaec^basasra. 
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dicnkrioXXyCuttiDgABin O; A O will be the other projection 
of the given distance. 

Another method of finding O is to lay off A O a hf. 

21. GlT«i (in ^^^, \\ Ike P reiec U e — , a 6, A B, eC a MralghK Umw 
M Vhid tli« Angle which It BMdiOT with OiM •!: the PhiBM aC Fi«- 

Jectiea (for example, the horizontal plane). — Perform the oonstmc- 
tion described in Article 19; then dta vi the angle made by tha 
given line with the horizontal plane. The same oonflAmctioii 
performed in the horizontal plane of projection will ffive the an^ 
made by the given line with the vertical plane of projection. 

22. CMtcb (in ^%. 5), the PriJecUeaa, a \ wmM. A B» a C mmA A C, 
ef m Pair eC SCmighi I^taee which iMienect each ether !■ the Petat 
wheee PriJe ct leMe are O, A, te fla^ the Aagle het we m Iheee l ilac e i 

In either of the planes of projection (for example, the vertical 




Fig. 5. 



plane) find the points, J, 0, where the projections of the given line 
cut the axis X X ; tbe^e will be also the vertical projections of the 
horizontal traces of the lines. Through and d draw E, <l D, 
perpendicular to X X, cutting A C and A B in E and D respeo- 
tively ; these points will be the horizontal traces of the lines. Join 
D E (which will be the horizontal trace of the plane containing 
the lines), and on it let fall the perpendicular F A Join A a 

Shich of course is perpendicular to X X) ; let it cut X X in G. 
ake G/= A F, and join a/ In F A produced, take F H = a/; 
join H ^ H D ; E H D will be the angle required. 

Bemark. — The triangle E H D is the rabatmeni upon tiie 
horizontal plane of the triangle whose projections are E A D 
and e ad 
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tbe perpendicular distances of those points from the axis of 
rotation. 

It is obvious that all points in a circular cylindrical sur&ce 
described about the axis of rotation have equal velocities. The dotted 
circles in fig. 19, page 26, represent the traces of two such 8ar£sice& 

The relative motions of any two Pftira of points in a rotating 
piece may be compared together, for example, let it be pro- 
posed to compare the motion of A relatively to B with the motion of 
£ relatively to O. Then, because the velocity of the motion of A 
relatively to £ is ])roportioi)al to B A, and its direction perpen- 
dicular to the plane whose trace is B A, while the velocity of the 
motion of B I'elatively to O is proportional to O B» and its 
direction perpendicular to the plane of which O B is the trace, the 
directional relation is expressed by the angle made by those planes 
with each other, and the velocity-ratio by the ratio B A : O B 
borne to each other by the projections on the plane of rotation of 
the two lines of connection of the two pairs of points. 

54. BelAtive aM4 C^mpunUlve TnuuUitl«ii •f m Pair •€ BlgMly 
Connected Palate. — The following proposition is applicable to all 
motions whatsoever of a pair of points so connected that the 
distance between them is invariable. It forms the basis of nearly 
the whole theory of combinations in mechanism, and many of its 
consequences will be explained in the ensuing chapters of this 
Part. At present it is introduced with a view to its application 
to pairs of points in a rotating piece. 





Fig. 25. 



Kg. 26. 



Theorem. — If two points are so connected that their distance apart 
is invariable, ifie components of their velocities along the straight line 
which traverses them both rmist he equal; for if those component 
velocities are unequal, the distance between the points must 
necessarily change. 

The straight line which travei'ses the points is called their Line 
of Connection. 

For example, in ^g, 25, let A and B represent two points in tho 

plane of the paper, whose distance apart, A B, is invariable. At a 

given instant let tbe velocities of Uiose points be represented by 

straight lines, which may be in the same pAane, ox m ^jSissKiG&^^lanoft^ 



10 



OBOMSTBY OF lUOHIHXBT. 



example, B A) take any conyenieiit point, A, from whidi let ikll 
A D perpendicular to X X; and on B D aa a diameter deeeribe a 
cirda From D let fall perpendicularsy D 0, D F, on the two given 

traoea From the point 
6f thus found on the op- 
posite trace to that on 
which the point A was 
assumed, let Ml e E per- 
pendicular to X X; join 
E A, cutting D F in G. 
From O draw G H per- 
pendicular to X X, cut- 
ting the circle in H; 
D B H will be the ro- 
quired angle. 

26. CHTMi (m ^g. 7), 

tke Traces m€ m W^mmi 

B A, B C, !• Itoaw Ike 
Traces •€ aacUicr PfauM 
widcli dmU be Pandlel !• 

at a 




It la 

IMvectlea.— Complete the 
Fig. 7. construction described in 

Article 25. Joiik D H 
(this represents the perpendicular distance of the point D in 
the axis from the given plane); then from H, along H D Tor 
along D H produced, according to the direction in which uie 
new plane is to lie), lay off the given perpendicular distance 
between the planes, H K. From K draw K M parallel to H B^ 
cutting X X in M. From M draw M N parallel to B 0/ and 
M L parallel to B A; these will be the traces of the plane 
required. 

Or otherwise : — Complete the construction described in Artide 
24 (see fig. 8). A/* is the rabatmeut of the intersection of the 
given plane with a plane, A D 0, perpendicular to the veiw 
tical trace B C. Through A draw A M perpendicular to Ay^ 
and make A M equal to the given distance between the planes; 
draw M N parallel to A/, cutting X X in N In D prodnoed 
take D O equal to D N. O is a point in the trace of the plane 
required. Through O draw O P parallel to B C, cutting X ^ in 
P; and through P draw P Q parallel toBA. OPQisthe plane 
required. 

27. OlTCB (in fig. 9), die Tracce ef Twe Plaaee, Acf aad B^ 
t0 M^ruw the PritfedJaae af their Uae af lalenecctoa.— The tutcee of 
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let &11 y TJ perpendicular to B A; then A XT rty e wn ts the com- 
ponent in question. Sometimes tbe more convenient way of 
finding that component is the following : — 

From O let fall O B perpendicular to B A. Then A and B 
represent a pair of rigidly connected points; therefore, according 
to Article 24, the component velocities of A and B along A B are 
eqnaL But B A, being perpendicular to O B, is the direction of 
the whole velocity of B; dierefore ^ c&mpanent, along a givm^ 
straight line in Ae plana of rotaiiony qfthe vdodty qf any point 
whose projection is in thcU Hns, is equal to the whole veiodty ^ the 
point where a perpendicular Jrom ^ axis meets that line. 

The whole velocity of B is = O B x the angular velocity; and 
the velocity-ratio of B to A, or, in other words, the ratio of the 
component velocity of A along B A to the whole velocity of A, is 
OB :0A 

The velocity of a point such as A in a rotating ])iece may be 
resolved into components, oblique (see fig. 19) or rectangular (see 
^g, 27) as the case may 

be, by regarding the ^ it 

velocity of A relatively 
to O as the resultant 
of the velocity of A 
relatively to B, and of 
that of B relatively to 
O. The directions of 
that resultant velocity 
and its two components 
are respectively pev- 
pendiculjjr to O A, 
B A, and O B, and 
their ratios to each 
other are equal to 
those of the lengths of 
the same three lines. 
This is a particular 
case of a more general 
proposition, viz., — that the velocities of three points rdatiffdy to eocA 
otJier are proportional to the Viree sides of a triangle which nwJoe 
wiUi each other ilie same angles that the directions of those three 
relative vdocities do {A, M,^ 355). 

In tig. 28, let O be the trace of the axis on a plane of rotation, 

and A a point in the rotating piece, revolving in the circle O A, 

so as to assume successively a series of positions such as 1, 2, 3, 4, 

5, 6, 7, 8; and in each position of A, let the component vdiociiy 

Jl If, parallel to a fixed plane whose trace is the diameter 8 O ^ 

be compared with the whole velocity o£ Tevo\\i^\o\i. ^^T, 




Fig. 28. 
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<• viBd (ba ahbIb btirw ihMi, From Mthet of the ii 
of the traces (say (Q let &11 d D perpeadiculw to X X; draw D 0, 
joining D with the other intenection of the tracer Throng aor 
convenient point, I, in D 0, draw G I H perpendicDlar to D (^ 




F^ 10. 

catting A C in G and B C in H. Along X X lay off D E = D C, 
and Dt ^ D I; join dE (this will he tli« length of the line of 
int«rsection of the planes). From i ht fall » k perpendicnlftr to 
dE; in I C take IK = ik; join K G, KH; G K H will be tbe 
ungle required. 

When the traces of the two given planea are inconTeniently 
placed for the completion of the fignro, we may substitute for either 
pair of traces another pair of traces parallel to them, and more 
conveniently })1aced. 

30. OlTMi (infig. 10), Ibe Vracea, A (2 ■>4 A C, af > FtaMl «1m 
Ike Traraa, d ■■< C, •fa StnUskt LIm !■ ih*! Pkaae) M Draw Ika 
TracH mt a Plaae which aball Cat Ihe itvea Flaa* la that Uh a( 

a Birea Aagie.~From either of the traces of the straight line, as d, 
let fall d D perpendicular lo X X; draw the straight line D 0, 
joining D with the other trace, C, of the straight line. Throng 
any convenient point, I, in D C, draw I G perpendicular to DC, 
cutting C A in G. In X X lay off D E = D C and D t = D I; 
join d E, and on it let fall the perpendicular i k. In I C take 
I K = t i; join K G. Then draw K H, making G K H = the 
given angle, and cutting G I, produced if neceesary, in H. Draw 
G H, cutting X X in B, and join B d; these will be the tracM of 
the jtlane required. 
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jointly. Hence, let a and a' denote the angular velocities of two 
rotating pieces, or a x>air of numbers proportional to those angular 
velocities; r and r', the perpendicular distances of a pair of points 
in those two pieces from their respective axes, or a pair of numbers 
proportional to those distances ; and v and v' , the respective velocities 
of those two points, or a pair of numbers proportional to those 
velocities; then the velocity-ratio of the points is, 

V ar' 

In order that a pair of ix)ints in a pair of rotating pieces may have 

equal velocities — that is, in order that — may be = 1, we must 

make the radii inversely proportional to the angular velocities — 

that is, o' r' = a r, or - = — ,, 

r a 

Section IV. — Screw-like Motion of Primary Pieces. 

57. Helical mr Screw-like mLoUmn (A. M., 382,) is compounded 

of rotation about a fixed axis, and of translation along that axis : 
the advance (as the tmnslation in a given time is called) bearing a 
constant proportion to the rotation in the same time; in other 
words, the moving piece advances along the axis of rotation 
through an uniform length during each turn. 

The subject of the resolution of screw-like motion into com- 
ponents in other and more complex ways will be considered in 
the next chapter. 

58. CJenerol FIgvre •f a Screw— Pitch. [A, M,^ 471.) — In order 

that a primary moving piece may have screw-like motion, its 
figure ought to be that of a true screw ; and it ought to turn in 
a bearing of the same figure, fitting it accurately. The figure 
of a screw may be desciibed in general terms as consisting of a 
projection of uniform cross-section called the thread, winding in 
successive coils round a circular cylinder. The best form of 
section for the thread of a screw that is to be used as a primary 
moving piece for producing helical motion only, and not as a 
fastening, nor in "screw gearing," is rectangular. The forms 
suited for other purposes will be considered later. There are two 
sorts of screws, convex, or extemalj and concave, or internal; in 
the former the thread winds round the outside of a cylindrical 
spindle; in the latter it winds round the inside of a hollow cylinder. 
When the word " screw " is used without qualification, an external 
screw is usually meant; an internal screw is called a **nuL" 
When a primary moving piece is an external screw, its bearing is 
an internal screw; when the primary moving i^le^a ia an internal 
^rew, the bearing ia an external ecrew. TYitt truJlli ot ^.^sax^^^ ^\ 
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X X; from F draw F/ perpendicular to X X, catting the trace 
B C in /; join/e; from d draw d g perpendicular to B G, cutting 

fe in gi and from g draw g Q 
perpendicular to X X, cuttimg 
DFinG. DGandcf^wiU 
be the projections of the per- 
pendicular required. 

34. Oivoi (in fig. 13), 1^ ^^^ 
Jectl^BB wt « P«tal» D, d, «Bd 
IhMe 9t « SttslshI Umi A B^ 
a by tm Draw Um Tmccs m€ m 
PkuM whieh aImU Tnirenr llM 
PalBt, «Md ke Pt j p f di— iar ta 
di« iiiae.— Tlirough one of the 
projections of the given point 
(say D^ draw D G perpendicular 
to A B (the corresponding pro- 
joction of the given line), cutting 
X X in G. Through G draw 
G g perpendicular to X X ; 
through dy the other projection 




Fig. 12. 



of the point, draw dg parallel to X X, cutting G^ in ^; through g 
draw E perpendicular to a 6, cutting X X in C ; and through G 

draw C F perpendicular 
^^ to A R E C F wUl 

be the traces of the re- 
quired plana 

35. Olirf 
£i X_ _Xflr JecttoBs af a Patet 

•r a SiralskI 

Draw th« 




•r a PcrpeadUealar !«• 



Fig. 18. 



FaU firma llM Patet 
•a fhe Bcraisht 

Find by the preceding 
rule the traces of a 
plane traversing the 
given point, and per- 
pendicular to the given 
line; then, by Article 
23, find the traces of 
a plane traversing the 
given point and line; 



and finally, by Article 27, find the projection of the line of 
intersection of those two plane& 

36. atwtm, Ike PraJcctiaBS af Twa 8cral«frt I^tacs that aia 
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61. FMk 9t « P*tat !■ « Screw— I«bMV Smraiw mr TOiilr —A 

point in, or rigidly attached to, a screw, tnces a path which may 
be called a screw-shaped line or linear aerew. By mathematicians 
it is called a hdix. A helix winds round in saccesdve similar coils 
upon a cylindrical sur&ce described about the axis of rotation with 
a radius equal to the perpendicular distance of the tracing point 
from the axis. The distance, measured parallel to the axis, between 
any two successive coils is everywhere the same, and is identical 
with the pitch of the screw; and the angle of inclination of the 
Irnear screw to the axis is everywhere the same. 

Points in, or rigidly attached to, a screw, at equal distances from 
the axis, trace by their motion equal and similar linear screws on 
one and the same cylindrical surface. Points at unequal distances 
from the axis trace different linear screws, inclined to the axis at 
different angles, and situated on cylindrical surfaces of unequal 
radii ; but the pitch of all those linear screws is the same. All the 
edges, whether projecting or re-entering, of a sci-ew-thread are 
linear screws. 

A linear screw may be traced on a cylindrical surface by any 
mechanical contiivance which ensures that, while the cylinder 
rotates, the tracing point shall advance along a line parallel to the 
axis at a rate bearing a constant proportion to the rate of rotation. 
This will be further considered in that part of this treatise which 
relates to the construction of machinery. 

A linear sci*ew is the shortest line on the surface of a cylinder 
between two points that are neither in one plane traversing the 
axis nor in one plane perpendicular to the axis; and a cord or a 
flexible wire stretched on a cylindrical surface between two such 
points tends to assume of itself the figure of a linear screw. 

62, Projection of a liiacar Screw. — The most useful projection 

of a linear screw is that upon a plane traversing the axis, and is 
drawn as follows : — In fig. 30, let A B represent the axis of the screw. 
Draw D A C perpendicular to A B, making A C = A D = the 
radius of the cylindrical surface in which the helix is to be situated. 
Draw D I and C F parallel to A B; those two lines will be the 
tracts of the cylindrical surface. About A, with the mdius A C, 
draw the semicircle C K D ; this represents the tt*ace of one-half 
of the cylindrical surface on a plane perpendicular to its axis, 
" rabatted " upon the plane of projection. Divide the semicircle 
into any convenient number of equal arcs (Article 51, page 27) j 
the greater the number of those divisions, the greater will be the 
accuracy of the projection. In fig. 29 the semicircle is divided into 
six equal arcs only; in practice a greater number will in general be 
required. 

On C F, or any other line parallel to the axis, lay off C E = the 
intended pitch of the screw, and divide i\i inVo tvyvce «a^ Toany 
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L I, perpendicular to X X; and Che diameters, / m, L M, axe iihe 
projections of one diameter of the cirde— viz., that diameter 
in which the plane A B C is cut at right angles by a plane parallel 
to X X. The perpendicular distance, N n, between the two 
tangents is equal to the diameter of the circle multiplied by the 
cosine of the angle which the given plane makes with X X, and 
is bisected by the line D cL 



{, 
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primary moviog pieces in rolling contact, both may rotate, or 
oac may rotate &nd the other have a motion of etraight sliJiiig. A 
rotating piece, in rolling contact, is cuilt'd a loolidtss wlied, auJ 
somctimcB a roller; a sliding piece may be called a CooAlett met. 

97. idni Piich SBrtecra.— The designing of pitch aiirfaoea is 
used not only with a view to the making of toothless wheels nud 
toothless racks (which are seldom employed), but much oftener us 
a step towards determining the proper figured for wheels and racks 
provided with teeth. 

The pitch surface of a toothed wheel or of a toothed rack is an 
ideal smooth surface, intermediate between the crests of the tci/th 
and the bottoms of the spaces between them, which, bjr roUiug 
contact with the pitch surface of another wheel, would com- 
municate the same Telocity -ratio that the teeth cemmunicate by 
their sliding contact. In designing toothed wheels and racks f ' 
forma of the ideal pitch surfaces are first determined, and fii 
them are deduced the forms of the teetb. 

Wheels with cylindrical pitch surfaces are called epvr wlitdal 
those with conical pitch surfaces, bsvd wke^a; and those with 
hyperboloidal pitch surfaces, akew-bevel wheela. 

9S. The Piuh i.in of a wheel, or, in circular wheels, the pitch 
ctBCLB, is the trace of the pitch snrtkce upon a surface pciiven- 
dicular to it and to the axis; that is, in spur wheels, upon a plane 
perpendicular to the axis; in bevel wheels, upon a sphere described 
about the apex of the conical pitch surface; and in skew-bevel 
wheels, upon an oblate spheroid generated by the rotation of an 
ellipse whose foci are the same with those of the hyperbola that 
ffenemtes the pitch surface. The pitch line might bo othei'wiHo 
defined, in most cases which occur in practice, simply as the trace 
of the pitch siii-fuce npon a plane perpcuiUcular to the axis of 
rotation. 

The PITCH POWT of a pair of wheels is the point of contact of 
their pitch lines; that is, the trace of the line of contact upon the 
•urface or surfaces on which the pitch lines are traced. 

The pite/t line tjfa rack is the trace of its pitch surface on a pli 
parallel to its direction of motion, and containing its line of 
nection with the wheel with wbicb it works. 

A SECTOR is a name given to awheel whose pitch-line forms oi 
part of a circumference i 8ect«rs ai-e used where the motion wquh 
IS reciprocating or "rocking," and does not extend to a compli 
revolution. Everything stated respecting tho tigui'cs of comgili 
wheels applies also to the figures of sectors 

99. Cnrnil CmdltfaBi af PerAwt BoUIbb CaMacl. (A. M., 439J 

— The whole of the principles which regulate the motions of a p ' 
of primary pieces in perfect rolling contact follow from the ainj 
~"'- ipie, eiae eacA pair of jm'wili in iJte pitch aur/acea viliic?* 
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surfaces, excLctly straigJU in the direction of motion. The bearings 
of rotating pieces must have surfaces accurately turned tojlffures 
of revoltUion^ such as circular cylinders, spheres, cones, conoids, and 
flat discs. The bearing of a piece whose motion is helical, muist be 
an exact screw. Those parts of moving pieces which touch the 
bearings should have surfaces accurately fitting those of the 
bcaringfi. They may be distinguished into alidea^ for pieces which 
move in straight lines, gudgeons, joumaiU, huAe$y and pivots, for 
those which rotate, and screws for those which move helically. 

The accurate formation and fitting of bearing surfaces is of 
primary importance to the correct and efficient working of 
machine& 

39. Tke mmOmmm wt Vrimmtf Hwrtas Ptoecs (A M., 429,) aro 
UMiiedi by the fact, that in order that different portions of a pair 
of bearing surfiaces may accurately fit each other daring their 
relative motion, those surfaces must be either straight^ drcolar, or 
helical ; from which it follows, that the motions in question can be 
of three kinds only, viz. : — 

I. Straight trandati/m, or shifting, which is necessarily of limited 
extent, and which, if the motion of the machine is of indefinite 
duration, must be reciproccUing ; that is to say, must take place 
alternately in opposite directions : for example, the piston-rod of a 
steam engine. 

II. Simple rotation^ or turning about a fixed axis, which motiotk 
may be cither continuous or reciprocating, being called in the 
latter case swinging, rocking, or oscillation. Gontinnons rotation 
is exemplified by the shaft of a steam engine; reciprocating rotation 
by various beams or levers. 

III. Hdical or screvylike motion, compounded of rotation about 
a fixed axis, and translation along that axis. 

Section IL—StraiglU Motion qf Primary Pieoss, 

40. 8cnii«ht Tnuisiati^n is the motion of a primary piece sliding 

along a straight guiding surface. All the particles of the piece 
move through equal distances in a given time, along parallel straight 
lines; and the line joining any two particles remains unaltered in 
length and in direction. 

41. Reflation und Coiiip4MriUoii •f ih^uabs.— The resuUani of 
two or more component motions is the motion which results from 
putting them together. If the component motions are represented 
by stitiight lines, their resultant is found geometrically by joining 
together, end to end, a series of straiglit lines respectively equal 
and parallel to the given straight lines, and pointing in the same 
directions, and then drawing a straight line from the starting point 
to the further end of the scries. For example: — 
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{proportional to tbe intended angular velocities. Draw tbe straight 
ine a b, catting A B (produced if necessary) in K. Lay off B I =: 





Fig. 59. 



Fig. 60. 



A K (or A I = B K); I will be the required pUch-poirU or trace 
of the line of contact 

The line of connection may be any straight line which traverses 
I^ or whose projection traverses I ; as C D. Let A C and B D be 
perpendicular to the line of connection ; then the velocities of the 
points C and D are identical; and the perpendiculars A C and B D 
ai*e inversely as the angular velocities of the pieces. 

101. iTbccl and Rack.— Given, at a given instant, the angular 
velocity of a wheel and the linear velocity of a rack, to find their 
pitch-point. In fig. 61, let tbe plane of projection be perpen- 
dicular to the axis of the wheel, and let A be 
the trace of that axis. Draw A I perpen- 
dicular to the direction of motion of the rack, 
and make its length such that a point in the 
wheel at I shall revolve with a velocity equal 
to that of the rack; that is to say, make 
. y __ linear velocity of rack , j ... 

"" angular velocity of wheel ' 
be the required pUcIi-poirU, 

The line of connection may be any straight 
line which traverses I, or whose projection traverses I; as C U. 
Let fall the perpendicular A C; then the velocity of the point C in 
the wheel is equal to the component velocity of the rack along 
C U. Draw I V perpendicular to A I, to represent the whole 
velocity of the rack, and from V draw V U perpendicular to C U; 
it is evident that I U is the component velocity along the line of 
connection; and that AI:AC::IV:IU. 
JOJ^. Ciremimr Wheeia la Oeaorai. — In order that, in an elemen- 
tarjr combiaation of wheels, or of a w\iHV wid tack^ the velocity- 




Fig. 61. 
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motion; Uie resultant of these two will be the required other com- 
ponent motion. For example, in fig. 15^ let A D be the given 
resultant motion, and A B the given component; draw D G equal 
and parallel to A B, and pointing the opposite way; join A 0; 
this will be the required other component ; or otherwise, join B D 
and draw A equal and parallel to it 

YI. {Fist. 17.) Giveny the vertical prq}ec6um, A B, and the hori- 
zontal prqjectianf A' B', of a straight line repreaendng a moUon, to 
resolve that motion into three redangular components parallel and 
perpendicular to the planes of projection. Let O X be the axis of 
projection (Article 9, page 4). Draw the straight lines A A'^ B R, 




Fig. 17. 

cutting the axis of projection (of course at right angles) in and D. 
Then through any convenient point, O, in the axis of projection, 
draw the straight line Z Y' at right angles to that axis; and 
take O Y' to represent a transverse horizontal axis, and O Z to 
represent a vertical axis. (The point is called the origin.) Then 
pirallel to X draw A E' and B' F to meet O Y', and A G and 
B H to meet O Z. The three components required will be repre- 
sented by C D, E' F, and G R 

yil. Given (in fig. 17), the vertical projection, A B, cmd the 
horizontal projection, A' ^,ofa straight line representing a motion, 
to draw a third prelection of the same straight line on a vertioal 
transverse plane ^projection perpendicular to the first two pianm (^ 
projection. Construct fig. 17 as described in the preceding Bala 
O Z and O Y' will be the traces of the third plane of projection. 
Produce X O towards Y"; then O Y' will I'epresent the rabatment 
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Fig. C4. 



of the axis' on a i^ane perpeDdieolar to it Draw A I perpen- 
dicular to tbe direction in which the rack is to move, and of a 

length equal to tiie given distance; then, 
ahout A, witii ihe radius A I, draw a circle, 
and through I draw a stnught line, M N, 
touching ^hat circle; these will be the re* 
quired pitdi-line& 

105. CJwter WmvtA wiMela. — Given, a pair 

of axes which intersect each other in a point, 

and the constant velocity-ratio of two wheds 

which are to turn about those axes, to draw projections of the 

pitch-surfaces of those wheels. Let ihe plane of ^. 65 represent 

the plane of the two axes; let O A and O B be their positions, and 

O their point of intersection. Lay 
off, on any convenient scale, along 
^^ those axes, the distances O a and 
O b respectively proportional to the 
intended angular velocities (which, 
in the example shown, are contrary). 
Draw a c parallel to O 6, and 6 c 
paraUel to O a, cutting each other 
in c; draw the diagonal c C; 
this will be the line of contact ; and 
tlie required pitch-surfaces will be 
])art« of two cones described by 
making O C sweep round O A and 
O B respectively, and having their 
common summit at O. O C will be 
one of the traces of both these cones ; 
and their other traces will be O G, 
making the angle A G = A O C ; 
and H, making the angle BOH 
= BOC. 

In any convenient position on the line of contact, mark a con- 
venient breadth, C F, for the rims of both wheels, so that C F 
shall be their actual line of contact. Draw C A G and F D K 
perpendicular to O A, and C B H and F E L perpendicular to 
O B; then CGKFand CHLF will be the projections of the 
two wheels on the plane of their axes. 

To draw the projection of one-half of each of those wheels on a 
plane perpendicular to its axis, about A, with the radius A C, 
draw the semicircle C M G, and with the radius A R = D F draw 
the semicircle R N S; these will be parts of the pitch -circles of 
which C A G and F D K are projections, and will form the re^- 
gu/red projection of one-half of the rim. of the wheel whose axis is 
C/ A J then, about B, with the radius B C, dr«cw \)ck^ ^m\^x^\s^ 




Fig. C5. 
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and in a given interval of time let A B, in fig. 15, page 19, repre- 
sent the motion of Q relativelj to P, and A D the motion of R 
relatively to F; then A C, found by Role Y. of Article 41, will 
represent the motion of R relatively to (^ 

In all cases whatsoever of relative motion of two bodies, the 
motion of one relatively to the otiier is exactiy equal and 
contrary to that of the second relatively to the first. For example, 
let F and Q be two points; and when P is treated as fixed, let Q 
move through a given distance in a given direction relatively to P; 
then if Q is treated as fixed, P moves tiirough the same diatance 
in the contrary direction relatively to Q, 

43. Cmmpmmiw9 Hoti^M {A. i/., 358,) is the relation borne to each 
other by the simultaneous motions of two points, either in the same 
body or in different bodies, relatively to one and the same fixed point 
or body. It consists of two elements : the vdociiy-rcUio, which is the 
proportion borne to each other by the distances moved through by 
the two points in the same interval of time ; and the diraetipncd 
relatioii, which is the relation between the directions in which the 
two points are moving at the same instant 

In the case of two points in a primary piece whose motion is 
one of translation, the velocity-ratio is that of eqtudity, and the 
directional relation that of identUy; for all points in such a piece 
are moving with equal speed in parallel directions at the same 
instant. 

When two points in two different pieces are compared, the 
comparison may give a different result. For example, let P, as 
before, stand for the frame of a machine, and Q and R for two 
moving pieces; and while Q performs relatively to P the motion 
represented by A B {i^g, 15, page 19), let R perfonn relmtivdy to 
F the motion represented by A D. Then the comparaiive matkn 
of R and Q consists of the following elements : — 

the velocity-ratio, -r-j^ ] 

and the directional relation, represented by the angle BAD. 

In most of the cases which occur in mechanism the motion of each 
point is limited to two directions — forward or backward — m. a fixed 
])atb ; so that the directional relation of two points may often be 
sufficiently expressed by prefixing the sign + or — to their velocity- 
ratio^ according as their motions are similar or contrary; that is, 
the sign + denotes that those motions are both forward or both 
backward; and the sign — that one is forward and the other 
backward. 
We may compare together the different com^xkft\i\& ^ Uie 
motion of one point, and the resultant moUon. 1^ot qx&xdl'^^H&. 
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the midiUe of tfa« breadth of the rim of tlie intended whed, Ksd 
let that projeclion cut O C in C. 

L Tojmd Ae radius of tA» middle ;n((A-cirefo, and to dram tu 
pnjecticm. Tbroufih 
£ drav B C pamllel 
to O A; through G 
An.tr O paralltil to 
the axis, cutting B C 
in C. Join O C; this 
will be the required 
ludtns, and the circle 
D C O will be the 
projecUonof the pttcli- 
circlu on the second 
plane; in & C pro- 
duced take G' D' = 
O D = G = 0; 
G' D' will be the pro- 
jecUoD of the pitch- 
circle on the finit 
plane. 

D' is a point in the 
hyperbolic trace of the 
hvperboIoTd on the first 
plane; and bj the same 
process any number of 
points in that ti'ace 
may be found. 

It. To draw a not' 
mal to the piich-eur/aoa 
in Via first plane of 
prqjeetion. Perpendi- 
cular to 0' draw 
C H, cutting the axis 
of the wheel in H. 
This line and O C will 
be the projections of a 
normal to the pitch- 
aurfacfl at the point 
whose projections are 
Candd JoinHD'; 
this line and O D 
will be the projectiona 
Fig. 08. of a normal to the 

pitch -suiface at the 
po/at wJioae projectiooB are D' and D. 
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it is to be held to mean the place where the action that drives or 
that resists a machine is exerted, of what magnitude soever that 
place may be, whether a surface or a voluma Thus, the driving 
point in a steam engine comprehends the whole suriaoe of the 
piston that is pressed upon by the steam which drives the engine; 
and the working point, where friction is overcome, comprehends 
the whole of the rubbing surface, and where a heavy body is lifted, 
the whole volume of that body. Nevei*thele8s, for the sa^e of con- 
venience in mathematical investigation, such places of the action of 
driving or resisting forces are often treated on the supposition that 
they may be represented by single points; for when such points are 
properly chosen, no error is incurred by making that supposition. 

• 

Section III. — EotaUon of Primary Pieces, 

45. B^mUon •r « Prtawrf Piece. (A. M,, 370-372.) — Rataium or 
Turning is the motion of a rigid body when lines in it change their 
directions; and it is the only kind of motion involving change of the 
relative positions of the particles of a body that is possible consistently 
with rigidity; that is to say, with the maintenance of the distance 
between every ^mir of particles in the body unchanged. An axis of 
rotdUion is a line in a rigid body whose direction is unchanged by the 
rotation ; and 2k fixed axis o/rotation is a line whose position, as well as 
its direction, is unchanged by the rotation. Every line in a rotating 
body which is ])arallel to the axis has its direction unchanged by 
the rotation. The rotation of a ])rimary piece in a machine always 
takes place about an axis that is fixed relatively to the frame of the 
machine ; that axis being the geometrical axis, or centre line, of a 
bearing surface (such as that of the journals or gudgeons of a shaft), 
whose form is that either of a circular cylinder or of some other 
surface of revolution The plane of rotation is any plane perpen- 
dicular to the axis. Every such plane in a rotating body has its 
2)osition unchanged by the rotation ; and straight lines in such a 
plane — that is, straight lines perpendicular to the axis of rotation — 
change their directions more rapidly than any other straight lines 
in the same body. 

46. Speed mf BoiatioM. {A, M., 373.) — Although in the case of 
rotation, as well as in that of translation, the principles of pure 
mechanism are concerned with comparative velocities only, still 
it is desirable here to state, that the speed with which a rotating 
body turns is expressed in two diflferent ways. For most practical 
purposes it is usually stated in turns and fractions of a turn in some 
convenient unit of time; such as a second, or (more commonly) a 
minute. For scientific purposes, and for some practical purposes 

a/so, it 13 expressed in angular velocity ; wYvicYi xtiesiTi^ ^Si^ %s^s^ 
swept through in a second by a line per^TvOacxxVect \» \>aft «sjkSL ^ 
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Tliroiighff draw wyit parallel to khl; this will be the rabati 
of a tangent to the norniiLl epinil at the point O*. 

Tu tind the ntcliuB of fiirvaturo of a normal Bpii'al at the thi 
of tlio hyperboloid, in O H take lo = O A ; draw xtcy perj 
dioular to O C, anU y z parallel to O A; O a will be the reqnii 
radina of curvatiirc. 

The lower part of the Gguro shows the piYtjcctlon on a ph 
tlirongh the axis, of a pitch-circle equal to tlio pit«h-cirole (J D', 
and at the same distance from the tlivoat along the axis in the 
apposite directimi. DEE and If & R' are the two projections 
of one gencrattug line Gxtcnding from one of those pitch -circles to 
tlie other. G' V R' i^ the projuction of another such generHtiug 
lineL The drawing of a pair of eqnsl pitch-circles niaj sometimes 
b<' useful in the making of patterns for the wheel and for ita teeth. 

V, P and N, N' are the projections of jioiuts in the two edges 
of the rim of the wlieeL When the exact hypcrboloidal pitch- 
sin-face is to be used, and not merely a tangent cuue, those points 
arc to be found by a process similar to that by which the projeo-, 
tions D, D' are found. When a tangent cone is used as t^ 
approximation, they are simply the intersections of two plaoM 
perpendictikr to the axis, with a tungcnt in the plane of the axis. ' 

VI. Rad.'ni» of eiirvnture »/ hyperholia trace. — In constructing 
the pitch-surface of a skew-bevel wheel, it is sometimes useful to 
determine the radius of curvature of the hyperbolic trace of that 
■iirface on a plane traversing the axis, at the point where that trace 
outs the pitch-circle, in order tliut a circnlar 81*0 of that radios 
may, if rc<iuirod, be used as aa approximation to a small arc of 
the hyperholio curve. 

In lig. fi8 A, let O X be the axis of the Jiyperboloid, O A the 

radius of its throat, O D an asymptote (being, as before, the jim' 

jf^ctionof a lineof contact that is parallel to the plane of projection), 

add X Y the trace of the plane of the intended pitch-circle. Part 

of the following process has already been described, but it will be 

described again here, to make the explanation complete ; — Let D ' 

point where X Y mta the asymptote. I^y off X E =: O . 

1 D E; and niako X Y = D E; then X Y will be the radius 

pitch-circle, and Y a jioint in the bj-perboln. Perpendicular 

O D draw D F, cutting the axis in F; join F Y ; this will be 

normal to the hypei-bola at the point Y. Thas far the process ' 

already been described. 

Through A draw A B jtarallel to the axis, cutting the asymptotft' 
in K FVom B, perpendicular to O B, draw B C, cutting O A 
produced in C. Then C will bo iAe centre of curvature, and A 
/ic radiiu ofcurvalure of the hyperbola at A ; that is, at the throob 
if the bjperbolold. 
la X Y, produced both ways as far as ma-j \.e wt^wcJ 
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T H s A O, Y Lsr A 0, and Y O =r Y R In Y F take 
T K s A O: join H F and K O. lliroagli L, ptrailel to F H^ 




Fig. C8 A. 

draw L M, cutiwg F Y produced in M; through W, pamWA to 
O JS; dnwMN, cutting XYL produced in N ; aud iutow^^ 
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parallel to F H, draw N P, catting F T M produced in P; then 
T will be the centre of curvature, and YTtlie radius of curvature of 
the hyperbola at Y.* 

VIL Foci of hyperbolic trance. — ^To find, if required, the foci of 
the hyperbolic trace of the pitch-surface; pixxluce, in fig. 68 a, the 
straight line O A, in both directions, as far as may be required, 
and lay off in iiOq, = Oq[^OB. Then Q and Q' will be the 
two focL The well-known property of a hyperbola, by means of 
which it can be drawn when one point in it and the two foci are 
given, is, that the difference of the distances from any point in the 
curve to the foci is a constant quantity ; for example, x Q* — Y' Q 
= AQ' — AQ = 2A0. I&struments founded on this principle 
are used for drawing hyperbolaa 

107. IfoB-ClrcMkir Wheels la GcMCfttL {A. J/., 443.)— Non- 

circular wheels are used to transmit a variable velocity-ratio 
between a pair of parallel axes. In ^g. 69, let C., Cj represent the 

axes of such a pair of wheels; T^, T2, a pair of points 
which at a given instant touch each other in the fine of 
contact (which line is parallel to the axes and in the 
same plane with them); and U^, XJ2, another pair of 
points which touch each other at another instant of 
the motion ; and let the four points, T^, Tj, U^, U^ be 
in one plane perpendicular to the two axes and to 
the line of contact Then, for every such set of four 
points, the two following equations must be ful- 
fiUed:— 







69. 



Cj Uj + Cg Us = 



2 

arcT 



iUi=arcTjU2; J^*'^ 



and those equations show the geometrical relations which must 
exist between a pair of rotating sui-faces in order that they' may 
move in rolling contact round fixed axes. 

If one of the wheels be fixed and the other be rolled upon it, a 
point in the axis of the rolling wheel describes a circle of the radius 
Cj Cg round the axis of the fixed wheel 

The equations are made applicable to inside gearing, by putting 
— instead of + and + instead of — , 

• The algebraical expressions of those operations are as follows:— 
IietOA = 6; AB = a; 0X = «; XY = y; 
XP=m; YF = »; YP = p; AC = p.; then 
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questions in mechanism, there is frequent occasion to measure the 
lengths of circular arcs, and to lay off circular arcs of given lengths. 
These processes may be performed by the help of calculation, and 
of the well-known approximate values of the ratio which the 
radius and the circumference of a circle bear to each other, viz. :— 

circumference 710 , /soooiok i 

Tz = rrrw nearly = 6'283185 nearly: 

radius 113 "^ •" 

-: ji = tttt; nearly = 0'1591 55 nearly: 

circumference 710 "^ 

but it is often much more convenient in practice to proceed by 
drawing; and then the following rules are the most accurate yet 
known : — * 

I. (Fig. 22.) To draw a straight line approximatdy equal to a 

given circular arc, A B. Draw the straight 
chord B A; produce A to 0, makifig 
AC = ^ B A ; about C, with the radius 
C B = f B A, draw a circle ; then draw the 
«• straight line A D, touching the given arc 
Fig. 22. in A, and meeting the last-mentioned circle 

in D ; A D will be the straight line required. 
The error of this rule consists in tlie straight line being a little 
shorter than the ai'c : in fractions of the length of the arc, it is 
about 3^{f for an arc equal in length to its own radius; and it 
varies as the fourth power of the angle subtended by the arc; so 
that it may be diminished to any required extent by subdividing 
the arc to be measured by means of bisections. For example, in 
drawing a straight line approximately equal to an arc subtending 
60°, the error is about ^^q of the length of the arc; divide the arc 
into two arcs, each subtending 30°; draw a straight line approxi- 
mately equal to one of these, and double it; the error will be 

reduced to one-sixteenth of its former amount; 
that is, to about yiiinr ^^ ^^^ length of the arc. 
The greatest angular extent of the arcs to 
which the rule is applied should be limited 
in each case according to the degree of 
precision required in the drawing. 

II. (Fig. 23.) To draw a straight line 
approximaidy equal to a given circular arc^ 
A B. (Another Method.) Let C be the 
Fig. 23. centre of the arc. Bisect the arc A B in D, 

and the arc AD in E; draw the straight 

* These rules are extracted from Papers read to the British ABSOciation 
III 1867, and published in the Philosophiasl Magazine for September and 
October of that year. 
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with a radius N L = f B L, draw a circular arc, cuttiiig the first 
pitch-line in K. Then B K will be approximately equal in length 
to B L. Join and measure A K, and in the line of centres 
take A M = A K. About H, with the radius H M, draw a 
circular arc, M P, cutting the arc K L P in P ; P will be approxi- 
mately the required point in the second pitch-line. 

By repeating the same process, any number of points in the re- 
<)uired pitch-line of the second wheel may be found approximately. 
The error of the two preceding rules, in what may be consider^ 
an extreme case — viz., where the pitch-line of the first wheel 
coincides with the straight tangent B D, and the angles B H F 
^md BAG are each half a right angle (as in designing a roller to 
roll with a square roller) — is about 0*003 of the lengUi B D to be 
laid off, and is in excess; the arc B F being too long by that 
fraction of its length; and the error, in fractions of the arc, varies 
nearly as the fourth power of the angle subtended by the arc. To 
ascertain whether the error is sensible, and to correct it by a second 
approximation, proceed as follows : — 

III. To obtain a closer approximation to the required axis 
•and pitclirline. Having drawn the pitch-line B F by Bule II., 
measure its length in subdivisions by Rule L of Article 51, page 
28, and compare that length with B D, so as to ascertain the error. 
Divide that error by B D, so as to express it in fractions of the 
requii'ed length. Multiply the half-sum of the greatest and least 
i*adii by the fraction expressing the ratio of the error to the required 
length ; tlie product will be a connections which is to be applied to 
the lengths of the line of centres, A H, and of each of the radii 
H B, H F, HP, &c., of the second pitch-line; that is to say, if 
the pitch-line, as at first drawn, is too long, each of those straight 
lines is to be shortened by having the correction subtracted 
from it. 

For example, in the extreme case already cited, where the first 
pitch-line is a straight line, B D, perpendicular to A B, and sub- 
tending half a right angle at A, and the second pitch-line is to 
subtend also half a right angle at its axis H, let A B be taken 
as unity; then we have (to three places of decimals) 

BC=BD = AB = 1000; 

A C (coinciding with a straight line from A to D) = 1*414; and 
the application of Rule I. of this Article gives the following results 
«s first approximations : — 

A H = 2-267; H B = 1*267; H F = 0*853. 

Upon drawing the second pitch-line, B F, by Rule 11. of this 
-Article, and measuring it in subdivmona, V\. S& ioroiA \a Vv^ too 



long by 0-003 of its own length; wbich being ninltiiilicd by 
H B + H F ^ 2020 ^ J jj Q^g j.^^ ^^^ cn-ectioii to lu 

ictodfrom the line of centres and from cacli of the radii of tlic 
lud pitch-line. Thus are obtained the second apjiriixiiiiations, 

A H = 2-264; H B = 1-264; H F = t)-8i0. 



: 
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examples of non-circular wheele, the following umy be 

itioned; — 

11 An ellipse rolatiug about one fociiB idIIb coni])lete!y round in 

entside geaiing with an equal and siniUar ellipse elso rotating about 

uoe focns, the distance between the axes of I'otatiou being cqnal tu 

the major luds of the ellipses, and the vclocity-mtio varying from 

^^H 1 — eccentricity I + eccentricity 

^^H 1 -•- eccentricity 1 — eccenti-icity 

^^irtol 



' (see Article 108). 



, Lobcd wheels, of forms derived fi'om the ellipse, roll com- 
prtoly round in outside gearing with each other (see Article lOS). 
IIL A hyperbola rotating about its farther focus rolls in in^ido 
gearing, ttirougli a limited arc, with an equal and similar hyperbola 
rotating about its nearer focua, the distance between tlie axes of 
rDtAtiun being equal to the axis of the hyiferbolas, and the I'elocity- 
ratio vatying bctwei^n 

eccentridty + 1 , 

— . . i and unity. 

eccentricity — I 

rV. Two logaritlimio spiral sectors of equal obliquity rotate in 
rolUog contact with each other; or one iogarithniio spiral sector 
rotates in rolling contact with the oblique plane sm-face of a sliding 
liiece (see Article 110). 

lOflt BUliMie wiicei*.— Tlie following rules are applicable to the 
dnwing of the pitcb-Uiiea of elliptic wheels, and the determination 
oftbdr comparatire moUons: — 

1. Given, llie artgU by to/Mh eadi le/icel is alternateli/ to overlaLe 
and Utfoll behind the other, and the length o/ the line of centies, to 
dnuo the ellipseKhicIt it tliejlgitre of both pitchrlines. 

From a point, B, <lraw two straight lines, B F = E F ■ = half the 
lino of centres, making with each other tlie given angle F B F'. 
Join F F, bisect it in 0, prodace it both ways, and make O A = 
O A' =: half the line of centres, Draw B B perpendicular to A A , 
making O B* = O B. Then A A' is the major axis, B B* the 
minor axis, O the centre, and F, F", the two foci of the requircil 
dlipae, which may be drawn by means of a anitabie instrametit <« 
~Mc)uiiei, or by the well-kaoini process of putting an end\es&dacti&« 
t A Jfngth = SA F= 2 FA, roaad two pins at tbe focV, an4 " 
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pencil eqnal in diameter to those pins, and moving the pencil 
round so as to keep the thread tight. In the workshop ellipses of 
given dimensions can be drawn with great precision by means of 
the turning lathe, fitted with apparatus to be afterwards referred to. 
The wheels are to be centred, as shown in fig. 72, each upon one 
of its foci. The Jixed foci, which are thus placed in the axes of 
the wheels, are marked A, £, in this figure, and the revolving foci, 
C, D. The ellipses in fig. 72 are similar to that in fig. 71, but 
drawn on one-half of the scale. 





Fig. 71. 



Fig. 72. 



IL To fi^id Hie angular motions and the angular velociti/'ratio 
corresponding to a given position of tfie piicli-point. Suppose both 
wheels to have started from a position in which A, fig. 71, is the 
pitch-point, being at the distance A F from the axis of one wheel, 
and A F from that of the other, so that the angular velocity-ratio 
of the second wheel to tlie first is A F -;- A F. Let C be a new 
position of the pitch-point. Dmw C F, C F. Then the angular 
motion of the first wheel is A F ; that of the second wheel AFC; 
the first wheel has overtaken the second wheel to the extent repre- 
sented by the angle F C F = A F C - A F C; and the velocity 
ratio of the second wheel to the fii'st is F -r F'. 

AF 

The aogular velocity-ratio ranges between the limits t-™- *^^ 

A F . 

-^-^ ; and its mean value in each half-revolution is unity; because 

each half-revolution is made in the same time by both wheels. 

The instantaneous velocity-ratio is unity when the pitch-point is at 

B or B'; because B F = B F. 
III. Giveuy at any instantf the position of one of the revolving foci^ 

to find the position of (he other revolving focus, and oftlie piich-poink 

In 6g, 72, let A and B be the fixed focL With a radius equal to 

the distance between the foci, or double ecofimtticlty (F F in fig* 



ELUPTIC WHEELS— LOUED WHEELS. 

71), 'Intw circles uWit A uml R Let C be tlie given poaition of 
one of the revolving foci. Then, willi a radiuH C D = A B (the 
line of centres), 'Iniw ft cifciitdv arc about C, cutting the circle round 
I> io t>; this wilt be tlie other revolving focuH. Join C J>, oiittiiig 
A B tti I : this will !« the |<itc]i-point. 

If the whtrols and their axlea overhang the beoriugs, the revolving 

Kl, being at a couatant distiince apart, maj be coDTiet-ted by means 

' i link, C D, us ahown in tig. 72. This ia useful in ellijitio 

wheels of grent eccentricity, becnnse of the teeth in certain 

^'ipanUoDs of the wheel iH'ing a|it to lose hold of each other. 



figs. T4 and 



109. ■.•fcMi whrda * are wheela such 
75, hsving two, three, or any 
greater numlier of ecjuol great- 
est raiiii (^udi as those marked 
F A* in fig. 74, and F A" in 
Gg. 75), and also of least radii 
(auch as those roarketl F a' in 
6g. 74, and F a" in fig. 75). 
Fig. 74 reiiresenU a two-lobed 
wheel, »nd fig. 73 a thi-ce-lolied' 
wbeeL An elliptic wheel may 
le regarded as a oite-lobetl lette^. Let the ditfci-cnce between tbo 




Fig. T3. 




gn-atest and leant railii of a lobcd wheel bo cnlled the inequalUy; 
■u Oiat iit an elliptic wheel (tig. 71) the inequality is the distauco 

' The iiroi«rti«i of the« wlieeJs iiece discovered by Vat V.c\Ct«wA- '^i 



between the toa, F F'. Then any pair of lobed wlicela ii 
tbe inequality ia the same will, if properly shaped, work togethe 
in rolling coutoct, and tbat whether their numbers of lobes are mann 
or few, tbe same or different; and thb statement includes c 
lobed or ellijitic wh^elit. 

The advantage of wheels with two or more lobes is their bein^ 
aelf-balanced, wliich elliptic wheels are not. 

Tbe following are the nilea for designing lobed trheels : — 

I. Given, in a pair of equal and aimilar lobed wheeU, tlte angle by 
tohieh each tofieel u aUemateli/ to overtake and lo/atl Miind the other 
vAael, iAfl niimber of lobes, and Ihe mean radium, to find the inequality, 
and Ui/Btux Ute greatest and Uaet radii. Multiply the given angle by 
Ihe number of lobes; tben, from a point B"', tig. 73, draw two lines, 
B" F, B'" F", making with each other an angle equal to the product, 
and make the length of each of them equal to the given mean 
radius. Draw the straight line F F; tMa will be the required 
inequality. Bisect F F' in 0, and produce it both waya; then lay 
off O A" = a" = B'" F = B" F, tlio mean radius ; then F A" = 
f a" will be the gi'eatest radius, and F A'" = F a'" the least 
radius. 

TI. To find any nuJiAtr of points in t!ie pitch-line. In fig. 73, 
with the major axis A" a~, and the foci F and F', draw a semi- 
ellipse A" B" a". Then, in fig. 75, draw from the centre, F, the 
straight lines marked F A", dividing a complete revolution into as 
many equal parts as there ai'e to be lobes (in the present case, 
three), Make each of these lines equal to the greatest radius 
(F A ', fig. 73). Bisect the angles between them with the straight 
lines marked F a"', fig. 75, and make each of the latter set of lines 
equal to the least radius (F a" , fig. 73). Divide the half-revolution 
in fig. 73 into any convenient number of equal angles by the radi- 
ating lines F 1, F 2, &c, meeting the ellipse at 1, 2, &c Divide 
each of the angles marked A" F a" in fig. 75 into the same number 
of equal parts by radiating lines, and lay off upon them lengths, 
F 1, F 2, &c., equal to those of the corresponding lines in fig. 73; 
the points 1, 2, &a., in fig. 75, thus found, will be points in the 
required pitch-line. 

III. To find Uie positions of tlte mean radii of tlie required pitch' 
Une. Divide the angle A" F B", in fig. 73 by the number of 
lobes, and lay off the quotient for each of the angles marked 
A'* F B" in fig. 75; then make each of the radii F B" in fig. 75 
equal to F B'", in fig. 73; these will be the required mean 
radii. 

Remark. — The example in fig. 75 is a three-lobed wheel. The 
two-lobed wheel of fig. 71 is drawn by a similar proce.ss; tbe ellipse 
used £fr Bnding the radii being A" B" n" in fig, 73; tbe ineqaatitj^ 
F.F'y and tbe angle by which eiu^ wh«e\ tdteTael.^Ie\^ (y««\U.kea auH 
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f:ille beliind anotli«r equal and similar 
F B- F', tig. 73. 

IV, To di-aio Uie pitdtHnes of a «ei ofivkeds of different nuTiibera 
<'/ lobes, ail of which sluUl toork icilh each other in rolling con- 
tiKt. The inequality most be the same in each wheel. Let P F, 
lig. 73, be that inequality; tind let be the centre, A" a'" the 
major axis, and B"' the semi-minor axis uf the ellipse which 
wrvea for finding the radii of one of the set of wheels, which one 
wheel is given. Divide B" into as many equal pacta as there 
ftre lobes in the given wheel; say, for example, three. To find the 
fignre of a wheel having any other number of lobes (say two), take 
the point B'* at that number of divisions from 0; join F B", F' B''; 
l»y off O A' = O a' = F B" = F B'; dmw the ellipse A" B' a' with 
A a' for ita miyor axis, and F and F' for its foci ; this wUl be the 
cllipee for determining the lengths of the radii of the new (two- 
lobetl) wheel. 

The ellipse A' B a with the same foci, F F', whose minor aeml- 
axis, O B', ia oiu divLfion of O B", is itself the pitch-line of the 
one-lobed wheel, which will work in rolling contact with any wheel 
of the set 

IIU. LoBWlilinile Spiral Sccian of Boiling Cam*. — A pair of 

It^arithmic spiral sectors may be used as i-olliag cams, to oom- 
muoicftte by rolling contact an angular motion of limited extent, 
in the course of which it is desired that the velocity-ratio shall 
range between certain limits. The general nature of the fignrti 
and poaition of snch a pair of sectors may be represented by fig. G9, 
I«p>92. 

The only cases in which the dimensions and figures of such 
MCtora can be determined by plane geometry alone, without the 
■ill of calculation, are two, viz. : when the two sectors are equal 
lutd similar, so that the sum of the gruatest and least radii of each 

of the two sectora is equal to the B 

line of centres; and when the 
combination consists of one sector, 
troricing with a sliding bar or 
(iDOotli rack. The following are 
the niles applicable to such 
-Tsea:— -At:,,^ 

I. Given, infig. 76, the leatt and '\^ 
. raUtl radii, O A and B, of a ■ ^ 
■jariihmic apiral sector, and t/io 
■fjla A B between than, to find 

terTnediaie points in the pUc/iline 
■ •' gtie/t a sector, and to draio llmi 
yiifh-UnA apprticcimaidy by meant 
tfoM or stefTg cimt/ar ai-ct. 
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Describe a circle about the triangle O A B; that is to say, bisect 
any two of tlie sides of that triangle (C, E, and D being the three 
points of bisection), and from the points of bisection draw perpen- 
diculars to the sides, meeting in F, which will be the centime of the 
cii-cle through O, A, and B. Draw the diameter G F G H, bisect- 
ing the arc A H B in H and the arc A O G B in G. Join O H 
(which will be peri)endicular to O G, and will bisect the angle 
A O B); and about G, with the ludius G A = G B, draw the 
circular arc A K B, cutting O H in E. Then K will be a point 
in the required spii-al ; and A K B will be the nearest approxi- 
mation to the spiral arc traversing the three points, A, E 
and B^ that it is possible to make by means of one circular aro 
only. 

To £nd two additional i>oints, and a closer approximation to the 
curve, treat each of the triangles OAK and O K B as the 
triangle O A B was ti*eated; the result will be the finding of two 
more points in the spiral, situated res|)ectively in the radii which 
bisect the angles A O K and K O B ; and the drawing of two 
circular arcs, one extending from A to K, and the other from K 
to B, which will make a closer approximation to the spiral arc 
than a single circular aix; does. 

The next repetition of the process will give four additional points 
and four circular arcs; the next, eight additional points and eight 
circular arcs; and so on Jbo any degree of precision that may be 
. required. 

The radius O K is a mean p7'op(yt'tional between O A and OB; 
and this pro][)ei'ty enables its length to be found by calculation, if 
rcquii*ed. 

The obliquity of a logarithmic spintl, being the angle which a 
tangent to the spiral at a given point makes with a tangent to a 
circle described about the axis through that |)oint, or the equal 
angle which a normal to the sjiiml at the same |)oint makes with a 
radius drawn from that )K>int to the axis, is uniform in a given 
spiral. In fig. 7G the equal angles, O A G, O H G, and O B G, 
aro each of them less than the true obliquity of the spiral, 
and the angle O K G is greater than the time obliquity. To 
obtain the closest approximation to the true obliquity |X)ssible 
without further subdividing the angle A O B, proojed as 
follows : — 

II. 2'ojiiul ilie apjn'oxhnate obliquity. In H K take H L = ^ 
H K; join L G; then O L G will be the obliquity, very nearly. 
In other words, L G will be veiy nearly ])arallel to a normal, 
aTid per[)endicular to a tangent^ to the tnie spiral at the 
/x)int K. 
II A. To^find the approximate obliquity (Another method). By 
Rule I. or Rule 11. of Article 51, pivge *2^» xueasvxY^ \.\m4 ap|}rc»xi- 



LOGAIIITDUIC SPIRAL SECTORS. 



mate letiglti of t]ie arc A B i 
miilHt line M N = O B - 




. fig. TO. Tlien. in fig. 77, dinw th« 
O A; (iraw M P perpoinliculur to 
M N; and about K, with a radius 
ei]ua.l to the aiijiroxitnate kngtli of 
tlie arc A B. draw a cireiilav arc, 
cutting M P ill P: join N P; 
then the aiiglu M P N will be 
ai'itroximfttcly the required obli- 
quity. 

Iir. Giveii{hi fig. 76), one radium, 
O K, in a logai-idimic xj/irai of a 
given obliquity, to draw ap/nvxi- 
nwUdy a n/urrt arc of titat gpiral 
through K. Draw O G perpen- 
diciikr to K ; draw K G, making 
O K G = the angle fif obliquity, 
3 cutting O K G ill G; theu, with the niiliua G K, draw a short 
rciilar arc tlirough K. 
TV, To draw the jnlth-liitt of a alidhig bar which shall work in 
ro/Hntf cvtitaet icUh a given loyariAmie spiral aeclor, A O B (fig. 77). 
Prom the tmcp of the axis draw Q R iierpentticular to the 
din-ctioii in vbit'h t'le bar ia to aliilv, making O Q = O A, and 
O R = O B. Pind the oblitjuity of the sector by means of one or 
other of the preceding nilcs. Let I be any giveu position of the 
pitch-point, and let T I S, traversiiig I pei-pendiculavly to Q R, be 
parallel to the direction in which the bur is to slide. Draw the 
attsight line NIP, making the angle SIN = TIP = tho 
obliquity; then draw Q N and R P jiarallel to T I S, and cutting 
N I F in N and P respectively. The straight lino NIP will be 
the reqTiired pitch-line; and N and I' will be the ]M)tnt6 
corresiioudiDg to A and B resjwcttvely in the pitch-line of tUu 

At the instant when the pitch-point is at I, the velocity of ' 
sliding bar is equal to that of the jHiiut I in tho sector; that is 
say, angular velocity x O I; agreeably to the general principle 
Article 101, |Mge 84. 
r The following rales relate to tlie solution of questions respecting 

litbmic sjiiral eectors by calculation. 

'. Given, tioo Todii of a logarithniie iplral eector (as 

I O B, fig. 70), ami the angle belvxcii (/ten* (A O B). 

[ tkt obliqnily of Uie fpiral. Take the liyiierbolic logar- 

' of the ratio ^ , ; divide it by the angle A O B 
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circular measure;* the quotient will be the taugeut of tb^| 
obliquity. ^ 

VI, Given, the least and greaieit Todii of a logarithmic spiral 
aeeUrr, and the angle fiedwen (/lem, lo find lite lenylhs of a series of 
intermediate radii, tohich shall divide thai angle into a given number 
of equal smaller angles. Take the difference between the lognr- 
ithma of the gre&test and least radii; divide it by tbe given 
number; then, commencing with the logarithm of the least radius, 
compute by aucceaaive additions of the quotient a series of Ic^r- 
ithms, increasing by uniform differences up to the iogarithin of thi* 
greatest radius; these will be the logarithms of the required 
intermediate radii. 

VII, Given, one radius and the ohliquUy of a logarithmic spiral, 
lofind the lengUi of a radius -making a given angU with the given 
radius. Multiply the given angle in circular measure (see firat 
footnote below) by the tangent of the obliquity; to the product 
add the hyperbolic logarithm of the given radius; the sum will bo 
the hyperbolic logarithm of the required radius; — or otherffisa^ 
iiiulttply the product by 04343, and to the new product add th«^ 
common logsrithm of the given radius; the sum will be the! 
common logarithm of the required radius. f 

VIII, Gicm, the difference belioem the greatest and least radii 
of a logarilhmio spiral sector, and Ute obliquity of its pileli-line, 
to find the length of its pildirline. Multiply the difference of the 
radii by the cosecant of the obliquity, + 

111. FricUiHai couiag. — To increase that A-iction or adhesion 

between a pair of wheels which is the means of transmitting force 

and motion from one to the other, their sur&ces of contact a 

sometimes formed into alternate ridges and grooves pai-oUel to tl 

* Reduction of ongloa to ciroukr measure — 

1 degree — 0'0I74533 nvlias length, ueirly. 
30 degrees = 0-5236 „ „ 

eo degrees = 1-0472 , 

90 degrees = 1-5708 „ „ „ 

f In lymbols, tlie rajnatioiiB of a logarithmic spiral are as follows: — Let 
be the radius fr<im whoao direotionB anyles are reckoned ; r, any other radius tjl 
*, the angle which r makes with a, in circular measure; ^r, the obliquity rf' 
the apiraf; e, i\e length of the arc from a to r; p, the radius of curvature at fl 
the end of the radius r. Then 



; tan 't' — a hyp' log. - 
6 = cotan ^ ■ hyp. log. ' ; 
* — {r — a) ooseo ^k = a cosec "P [^ 






FKtLTIOMAL OEARINO— TEETH OF WHEELS, 

)tatioii, constituting what is called /ridiimal gearing. 
ft cross-section of the rim of a. wheel, illustrating the 
id of frictjonal gearing inventfld by Mr. Kobertson. The com- 
-itive motion of a pair of wheels th«s ridged and grooved is nearly 

same with that of a pair of smooth wheeb 
loUiug contact, having cylindrical or conical 
h-snrfaccs lying midway between the tops of 
ridges and bottoms of the grooves. 
Therelativemotionof the surfacea of contact of 
e ridges and grooves is a rotatory sliding or 
grinding motion about the line of contact of the Fig. 78. 

ideal pitch-enrlaceB aa an instantaneous axis ; and 
the angular velocity of that reLitive grinding motion is equal to 
angiUftr velocity of one wheel considered aa rolling upon the 
!ras a fixed wheel; which may bo found by the priuciplcs of 
ide 77, page 56, and Article 82, page 68. 
'The angle between the sides of each groove is about 40°; and it 
stated that the mutual friction of the wheels is about once and 
a-ha]f the force with which their axes are pressed towards each 



^^Btat 



8«noir ILI.—Of l/u; Pitch and Number of the Teelh 
of Wheda. 

112. ■TtIht'--- betwern Tcclh ■■■■ Pltch-SBrr«c«— Nalare of (he 
— y.ci. l^A. M., 416.) — The most usual method of communicatiog 
Diotioti between a [utr of wheels, or a wheel and a ruck, and the 
only method which, by preventing the possibility of the rotation 
of ono wheel unless accompanied by the other, insures the pro- 
ration of a given velocity-ratio exactly, is by means of a sei-iea 
F»ltemate ridges and hollows parallel, or nearly parallel, to the 
! lines of contact of the ideal toothless wLeels or pitch- 
m^aeet, whose velocity-ratio would be the same with that of the 
t«otlit<d wheels. The ridges are called leel/t; the hollows, spaces. 
The teeth of the driver push those of the follower before them, 
und iu so doing sliding takes place between them in a directioa 
uLToss their lines of contact. 

The properties of jiitch-surfaces and pitch-lines, and the art of 
doigning them, have been explained m the preceding section. 
The figures of teeth depend on the pi-inciples of sliding contact, 
which belong to the ensuing section. The present section relates 
to questions connected with the manner in which the pitch-lino of 
a wheel is divided by the acting surfaces of its teeth, without 
reference to the figures of those surfacea; for such <^ue&tu)i:u d.o i\q^ 
Ri]uiro the piinciples ofeli'dias contact for their solubioTi. 
JJS *v«* BtameA (A. Jf., 447.)— The distance, meaavKwi.) 
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along the pitch-line, from the front of one tooth to the front of the 
next, is called the pitch. 

114. GcMcnii PriMcipicik {A. Jf., 447.)— The pitch, and tlie 
number of teeth in wheels, ai-e regulated by the following 
principles : — 

I. In wheels which rotate continuously for one revolution or 
more, it is obviously uecessaiy tfuU tJa pUch diatdd be an aliquot 
part ofifie circumference oftJie pUdtrline, 

In racks, and in wheels which reciprocate without performing a 
complete revolution, this condition is not necessary. Such wheels 
are called eectora, as has been already stated. 

II. In order that a pair of wheels, or a wheel and a rack, may 
'Work coiTectly together, it is in all cases essential thai Uie pitch 
9fu)utd be tfte same in eaclu 

III. Hence, in any pair of wheels which work together, tfut 
numbers qf teetft iii a comijlete circumference are inversely as tJie 
numbers of whole revolutions in a given time; or, in other words, 
directly as tlie times of revolution, 

IV. Hence, also, in any pair of wheels which rotate continuously 
for one revolution or more, the ratio of the times of revolution 
(being equal to that of the numbers of teeth), and its reciprocal, the 
ratio of the numbera of I'evolutions in a given time, must both 
be expressible in wlwle numbers, 

V. In circular wheels, eveiything stated in the preceding 
principles regai-ding the ratio of the numbers of revolutions in a 
given time (in other words, of the mean angular vdocity-rcUio) is 
true also of the angular velocity-ratio at every instant. 

115, FrequcHcr of Coniact — Hnniing-Cog. — Let 71, N, be the re- 
spective numbers of teeth in a pair of wheels, N being the greater. 
Let <, T, be a jiair of teeth in the smaller and lai-ger wheel i-espec- 
tively, which at a particular instant work together. It is required 
to find, first, how many pairs of teeth must pass the pitch-jwint 
befoi-e t and T work together again (let this number be called a) ; 
secondly, with how many different teeth of the larger wheel the 
tooth t will work at different times (let this number be called b); 
and thirdly, with how many different teeth of the smaller wheel 
the tooth T will work at different times (let this be called c). 

Case 1. If n is a divisor of N, 

« = N; 6 = ^; c = 1 (1.) 

Case 2. If the greatest common divisor of N and n be J, a 
number less than n, so Uiat n = md, "N = M dy then 

a = 77iN = Mn=M«»c/;6 = M;c = m (2.) 

Case 3, If N and n be prime to eac\\ o\.\ieT, 

a t= N n J 6 = "N ', c = u. AJ>>^ 
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^^^r It is Clonal detail doRiralilo hy nlllwnglits, with a view to tlie 
^^Bpescrvatinn oC tliti iinit'ormity of sLape of tlje tuctli of a pair of 
^^^Bvrls, timt pad] given tooth iu one wheel should woi-k with as 
^^■■117 difitrent teeth in the otlicr wheel as pi>ssible. They tfaere- 
^^^Be study to inako the numbers of teeth in eueh pnir of wheels 
^Bjmich work togrlli<!r such an to ho either prime to each other, or to 
fa(tv« their greatest conimon divisor as small as is possible cou- 
sistently with the purposes of the machine. 

When the ratio of the angular velocities of two wheels, being 
reduced to its least temts, is exprcstted by numbers less than 
thotie which can be given to wheels in pmctice, and it beconica 
necessary to employ multiples of those numbers by a common 
multiplier, which becomes a common divisor of the numbers of 
teeth in the wheels, millwiights and engine-makers avoid the evil 
of frequent conta.ct between the same [Mii-s of teeth, by giving one 
additional tooth, called a hunting-cog, to the larger of the two 
-wheels. This esjiedinit causes the vdocity-ratio to be not exactly 
but only approximately eqiuil to that which was at first contem- 
plated; and tlierefoi-c it caiiuot be used where the exactness of 
certain velocity-ratios amongst the. wheels is of importance, as iu 
clockwork. 

1 IG. «taBii«t Pinion.— Tlie amaUest number of teeth which it ia 
praetii'ablc to give to a pinion (that is, a small wheel), is i-egnlated 
by principles which will appear when the forms of teeth are con- 
sidered. The following are the least numbers of teeth whiclic&n be 
ustinUy employed in pinions having teeth of the three clasaea of 
figures named below, whose proiierties will be explained in the 

IT. Invohite teeth 2.) 
II. Epicj-cloidal teeth, 12 
HI. fijtund teeth, or (tncM, 
117. ArilbnMl< 
ikhmetieal rules 
ttbed gearing. 
I. Tojind the prime faetort of a given immhef. 
numbet«, 2, 3, fl, 7, 11, .tc., as divisoi-s in succession, until a pnnte 
nnmber has been found to divide the given number without a. 
rtfmainder ; then try whether and how many times over the quotient 
ia again divisible hy tlie same prime number, so as to obtain a 

Iient not divisible agiiin by the same prime number; then try 
division of that quotient by the next greater jtrime nnmber ; and 
n until a quotient is obtained whicb is itself a prime number; 
is, a number not divisible b/ any other inira\>er except \. TVi\» 
I gooiieot und the geritti of divisors will be Uie \ir\me fectoxa ol 
»-.wi anmbiT, Tu test (ho accuracy of Ihu pvocwa, tfiuWv^TI 



tain -For convenience sake the followmg \ 

lere given, osbeing useful in the deaigriing of J 
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all the prime £Bictors together; the product should be the givea 
number. 

IL To find the greatest common measure (otherwise called the 
greatest common divisor) of two numbers. Divide the greater 
number by the less, so as to obtain a quotient, and a remainder less 
tlian the divisor; divide the divisor by the remainder as a new 
divisor; that new divisor by the new remainder; and so on, until a 
remainder is obtained which divides the previous divisor without 
a remainder. That last remainder will be the required greatest 
common measure. 

If the last remainder is 1, the two numbers are said to be ''prime 
to each other." 

Example, — ^Required^ the greatest common measure of 1420 and 
1808. 

Divisor, 1420) 1808 (1, Quotient 

1420 

Remainder, 388) 1420 (3, Quotient 

1164 

Remainder, 256) 388 (1, Quotient 

256 

Remainder, 132) 256 (1, Quotient. 

132 

Remainder, 124) 132 (1, Quotient 

124 

Remainder, 8) 1 24 (15, Quotient 

120 

Remainder, 4) 8 (2, Quotient 

The last remainder, 4, is the required greatest common 
measure. 

III. To reduce the ratio of two numbers to its least terms, 
divide both numbers by their greatest common measure. 

, 1808 -- 4 452 
For example, j^gg— j = 355. 

rV. To express the ratio qftwo numbers in the form qfa oonUnued 

fraction. Let A be the lesser of the two numbers, and B the 

greater; and let a, 6, c, d, <&c., be the quotients obtained during 

tAe process of Ending the greatest common measure of A and £» 

^ejij in the equation 



COSTISCED FRACTIONS. 



fi + 1 

d + ic, 



^^Bb righi-hftud side ia the continued fraction required. 

^^H To save space in printing, a continued fraction is often arranged ^ 

^^BlibUows : — 

^" 

The ratio of two incom mensurable quantities is expressed by an i 
endless continued fraction. For example, the ratio of the dii^oiial 

to the ade of a square is expressed by 1 + ^p-r ^— ; ^^—j- _y— ia, i 

vithont end. 

. To/orm. a series of approximatiom to a given raiio. Espress I 
i rutio in the form of a continued fraction. Then write tlie I 

[noLients in their ordiir; and in a line below them write- to the | 

I'left of the firat quotient, and j^ directly under (he first quotient j 

a calculate a aeries of fractions by the following rule : — Multiply 
the finit quotient by the numerator of the fraction that is belov 
it, and add the numerator of the fraction next to the left j the 
mim will be the numerator of a new fmction : multiply tho first 
quotient by the denominator of the fraction that is below it, and 
odd the denominator of the fraction that is next to the left; the 
snni will be the denominator of the new fraction ; then write that 
new fraction under the second quotient, and ti-eat the second 

Inotient, the fraction below it, and the fraction next to the left, as 
efbre, to find a fraction which is to be written under the third ^ 
Botient, and ao on. For example : 
, Quotienta,....((, t, c, d, il'c. 



Fractions, 



I J 



+ a a ri _ \-^bn n" _ » + c n' 

To take a particular case; let the given ratio be as WtaiQ, -oEb^J 

e the followiDg series:— 
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Ion a plane perpendicular to the axis, of the rootKiirela thi-ough F, 
tbe pitch-cii'cle through I, and the addendum -circle througli E, 
Draw also ftbout a the pitcb-circic at the throat of the hyperbuloTd, 
and let a T be its radius. Thitiugb i draw a sti'aigbt line, i i' i', so. 
w to touch thia lAroal pitck-ciTcle, and let that straight Hue cut tha 
mrcle 1 1' in i and t'. Dittw the straight lines//' /' and e «" rf" 
nuclei to * i' i. Then these three parallel lines will be the pro- 
jeetwns of the three middle lines before mentioned, on a plant 
ptrpeadiadar to the axit. 
Describe about a two circles touching ff'f and e n" «" respc» 
tively. These will be respectively the root-eircle and l/ie addendum- 
til^ ai the throat of the hifperboldid. The roots and crests of all 
tbe teeth lie in a pair of hyperboloidal surfaces traversing thia 
pair of circles, and traversing also the pair of circles through F 
and K 

The projection, on a plane traversing the axis, of the middle line 
of the tooth on the pitch- surface is tho tangent I I' already fonnd, 
the points I' and i" being in one straight line parallel to a A. To 
find the corresponding projecUoiw of the other two middle lines, 
there are two methods. 

fM'sf Method. — From the poiiita of contact/' and e", parallel to 
a A, draw /" ¥' nnd e" K', cuttiug o i in F" and E' respectively. 
Join F F" and E E'. These will be the requii'ed projectiona. 

Second Method. — Lay off on the axis, a C ^a C', and a A' ^ 
a A, aud draw C I' parallel to C I : then C I' will be part of th« 
projection of a pitch-circle equal to I, From i', parallel to 
A a a; draw i T. cutting C T iu I'. Then T and I' will be the 
two projections of one pitch-point, and II' I' will be one straight 
line. Join A' I'. This will be the projection of a normal to the 
pitch-surface at I'. Through /' and ff (which lie in one radiu% 
af'{ fl) draw/' Fand ^ E' parallel to A a A', cutting A' I' ii 
P and E respectively. Join F F and E E". These will be tl 
required projections of the middle lines at the root and west of 
tooth respectively. 

IT. Complete Pr<ijee^n of a TooUi on a Plane Normal to the A. 
— Let the plane of projection in fig. 105 be nomial to the axi 
tlie wheel, and (sa in fig, 103) let a be tho axis ; let the circles s rf, 
i t', and //', be the projections of the middle addendum-circli 
middle pitch'Circle, and middle root-circle of the intended whed. 
let the circles through «", i, and/" be the corresponding circles 

»lhe throat of the pitch-surface ; and let the parallel strnigUt lini 
• rf**', ii' i', ff'f, be the projections of the middle lines of 
tooth at the crest, pitch-suiface, aud root, drawn according to 
jireceding rules. 
At the end of the radt'ua afi e cmiRtrwct, by the rules already gi' 
life pnyection of the trace of th« tootk «\«a \iVe mt&SUiL — 
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> to say, Uie Ti'locitj-ratio of the lout niid first axes 

mtio of the |)i-0(liict of the Diinibers of teeth io tlie drivers 

toiiuct of tho numbers of teeth in the followers ; aud it is obviouE^ 

long OS tlie eamn drivcra and fullowurs constitute the tniinj 

; order in which they succeed each other does not affeut the 

niltant velocity-ratio. 

' Supposing all the wheels to be in outside geui'it g, then, as eacli 

luvntnry coniliinittion inverses the dii'cction of rotation, and as 

• ntmiber of elementary combinations, m — 1, i^i one less than 

i number of axes, m, it is evident that if m is odd, the direction 

of rotation is presei-ved, and if even, i-evei^scd. 

It IB often a question of importance to detei-mine the numbers of 
teeth ia a tntin of wheels best suited fur giving il determinate 
velocity- ratio to two axes. It was shown by Young, that to do 
tliis with the letut totiU mtri)be!- of tetih, the velocity- nitio of eaeli 
elementary combination should apjiroximutc as nearly as ])OKsible to 
3'o9. This wonld in some cases gire too many axes; uud as a 
couvenietit iimctlcal rule it may be laid down, that from 3 to 6 
ought to be the range of the velocity -ratio of an elemcntuiy com- 
bination in whe«lwork. '^ 



tJllCcJ to ik \ia&i terma. 



Wtwi 



c pre 



ribed 



Let J, be tlie vdocitj-nitio rcquin-J, v 

and let B be gi-eater than C. 

If p is not greater than G, and C li' 

minimum nnmber of teeth (which may be called I), and its double 
1 1, then one ]iair of wheels will answer the purpose, nnd B attd 
will themeelvci be the unubors required. I^hould B and be 
itly large, they are if possiiilc to be resolved into factors, 
those factory or. if they are too small, nniltiplea of them, used 
the numbers of teeth. 8boidd B or C, or both, be at once 
nveniently large, and prime, or should they contain incoii- 

itly Lirge prime factors, then, iustcuil of the exact ratio -» 

* The fotlrnring are tome BxanipleB of tlie reaulU of Yoimg's mle, the fint 
line containiu); velocity-ntiua, and tlie w.-coiid, tlie nuuib«ra of blvruentiuy 
ccimbinationi of wbeels miitcd to ^ve t-clocity-nitin« iutcraiediate botween 
the iiaiubera in tba lirat line: — 

1 T » sa s]S ii;t2 40(u i-{^og 

12 3 4 5 G 7 

Tbe follotriD^ are examj'lei nf tlie results of the tniHlitieil nilcr, that the 
Icnreat of tbe velocity -ratios for each elementary comUnatiuu abuulil nuiga 
fmn 3 to G: — 

I20G 
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aome ratio approximating to that ratio, and capable of resolutioi 
into convenient factors, is to be found by the roethod of continued' 
fractions (see Article 117, page 106); also WiUid On MedMnUn, 
pages 333 to 238). 

Should ^, be greater than C, the beat number of elementary 

combinations ia found by dividing by G again and again till a 
quotjeat ia obtained leas than unity, when the number of divisions 
will be the required number of combinations, m — 1. 

Then, if possible, B and C thomBelves are to be resolved each 
into m — 1 factors, which factors, or multiples of them, shall be not 
lees than t, nor greater than 6(; or if B and C contain incon- 
Tcniently large prime factors, an approximate velocity- ratio, found 

by the method of continued fractions, is to be substituted for ,„ a 

before. When the prime facttira of either B or C are fewer in 
number than m — 1, the required number of factors ia t 
up by inserting I as often as may be necessary. In multiplying 
factors that arc too amall to serve for numbers of teeth, prime 
DumberB diffGi*iiig from those already amoagst the factors are to be 
preferred as multipliers; and in general, where two or more factors 
require to bo multiplied, different prime numbers should be used ■ 
for the different factora. 1 

So far as the resultant velocity-ratio is concerned, the order of I 

the drivers N, and of the followei-s n, is immaterial ; but to secure | 

equable wear of the teeth, as explained in Article 115, page 101, ' 

we wheels ought to bo so arranged that for each elementary com- I 

biuation the greatest common divisor of N and n shall be either 

1, or as small as possible; and if the pi-eccding rules have been 

ibserved in the choice of multipliers, this will be ensured by so 

jdaciiig each diiving wheel that it shall work with a following 

"Wheel whose number of teeth does not contain any of the same 

multipliers; for the original numbers B and C contain no common i 

factor except 1. 

The following is an example of a case requiring the i 
additional multipliers : — Let the required velocily-ratio, in its IcasbJ 
terms, be 

B 360 



To get a quotient less than 1, this ratio must be divided by 6 1 
three times, therefore m — 1 = 3. The prime factors of 360 are 
-S-£-S-3-3-5; these may be combined so as to make three | 
tactors in VHrJous diS'erent ways ; and t\ie "preference is to be given I 
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(-) tbat which makes theae factoia least unequal, viz., 5 • 8 ' 9. 
HeDce, resolviag namerator and denomiDator into tUreo factow 
«M!b, we have 

»B 5-8-d 
c " 1 ■ 1 ■ r 
It ia next neceasaiy to multiply the factors of the numerator and 
denominator by a set of three multipliers. Suppose that the wheels 
to be used ar6 of such a clasa that the smallest pinion has 12 teeth, 
then those multipliers must be such that none of their products by 
the existing factors shall be less than 12; and for reasons already 
Riven, it is advisable that they should be diffei-ent prime numberp. 
Take the prime uumben, S, 13, 17 (2 being takeu to multiply 7); 
then the numbers of teeth in the followers will bo 
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13 X 1 = 13; 17 X 1 = 17; 2 X 7 = 



U. 



n distributing the multipliers amongst the factors of the num- 
t the smallest niulti])lier be combined with the largest 
-, Kod BO on ; then ne have 

17 X 5 = 85; 13 X 8 = 101; 2 « = la 

Finally, in combining the drivers with the followers, those 
Ubers are to be combined which have no common factor; the 
lult being the following train of wheels : — 

85 IS 104 _ 3m 
14 ■ 13 ■ l7" " 7 ■ 

k 119. MaMMnii ■•■< Umaiat pucb — The diaTJielral piCeh of a 
■♦tretdar wheel is a length bearing the same proportion to the pitch 
prnper, or circular pitch, that the diameter of a circle bears to its 
urcumference; and the radial pitch ia half the diametral pitch. 
lu other words, the diametral pitch is to be found by dividing the 
iliami^tcr of the pitoh^ircle by the number of teeth in the whole 
circumference, and the radial pitch by dividing the radius by the 
iwm« number. In syrolxils, let p be the pitch, properly so called, 
«>» cjtcular pitch, as measured on the pitch circle, r the i-adiua of 
the pitch circle, or geometrical radiw, and n the number of teeth; 

9 tlie diametral pitch, and ^ the radial pitch; then 
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and the method of drawiug those arcs is as follows : — Let fig. 107 
rei>resent the trace of part of a wheel with its teeth, that whed 
being the smallest wheel of a set that are to be capable of gearing 
together; because the smallest wheel of such a set requires the 
greatest addendum : let C be the centre, A A the addendum-circle, 




Fig. 107. 

B B the pitch-circle, D D the root-circle, and let E" I" J", E IJ, 

E' r J', be the fronts of teeth designed according to the proper 

rules, and F", F, F, the pitch-points of the backs of those teeth. 

To any one of those back pitcJi-points, as F, draw the radius C F; 

bisect C F in G, and about G draw the semicircle F K C. Draw a 

straight line, H K, perpendicular to and bisecting the distance, E F, 

between the crest £ and back pitch-point F ; and let that straight 

lino cut the semicircle in K. About the centre Gy with the radius 

O K, draw the circle K" K K'; this will be the biue-drde of the 

required involutes (see Article 131, page 121). 

To draw the circular arcs approximating to those inyolntea^ 

lay offj from the back pitch-points to t]h^ >odia&-c»x^\e^^ the ec^ual 

<ii8tancea F" K," sz P K! ^ ^ T^ ^> «a^ s^xsib ^ea x»es^i^\k«^ 
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upper part of the figure is a projection of the rim of a wheel with 
stepped teeth on a plane parallel to the axis, and the lower part 
is a projection on a plane perpendicular to the axi& A wheel 
thus formed resembles in shape a series of equal and similar toothed 
discs placed side by side, with the teeth of each a little behind 
those of the preceding disc. In such a wheel, let p be the circnlar 
pitch, and n the number of steps. Then the path of contact^ the 
addendum, and the extent of sliding, are those due to the divided 

pitch -, while the strength of the teeth is that due to the thickness 

corresponding to the total pitch p; bo that the smooth action of 
small teeth and the strength of large teeth are combined. The 
action of small teeth is smoother and steadier than that of lai^ 
teeth, because they can be made to approximate more closely to 
the exact theoretical figure; and also because the sliding motion of 
one tooth upon another is of less extent. In the example shown 
in ^g, 108 there are four steps, so that the divided pitch is one- 
fourUi of the total pitch ; and the path of contact (E I F, in the 
lower part of the figure) is of the length suited to the divided 
pitch, being only one-fourth of the length which would have been 
required had the fronts of the teeth not been stepped. 

151. Keiical Tcctli, also invented by Dr. Hooke with the same 
object, are teeth whose fronts, instead of being parallel to the line 
of contact of the pitch-cylinders of a pair of spur-wheels, cross that 
line obliquely, so as to be of a screw-like or helical form : in other 
words, they are teeth of the figure of short portions of screw-threads 
(Article 58, page 36) ; the trace of each thread on a plane perpen- 
dicular to the axis being similar to that of a stepped tooth, as 
shown in the lower pai-t of fig. 108. Fig. 108 A shows a prajection 
of the rim of a wheel with helical teeth on a plane parallel to 
the axis. 

In order that a pair of wheels with parallel axes and helical 
teeth may gear correctly together, the teeth, besides being of the 
same circular pitch, must have the same transverse obliquity; and 
if in outside gearing, they must be right-handed on one wheel and 
left-handed on the other. If in inside gearing, they must be either 
right-handed or left-handed on both wheels. In fig. 108 a the 
teeth are left-handed. In wheel-work of this kind the contact of 
each pair of teeth commences at the foremost end of the helical 
fronts, and terminates at the aftermost end ; and the rims of the 
wheels are to be made of such a breadth that the contact of one 
pair of teeth shall not terminate until that of the next pair has 
commenced. 

Helical teeth are open to the objection that they exert a laterally 
oblique pressure, which tends to increase friction. 
Wheu, in designing a skew-\>eve\ w\ifte\,ttii^tV.\aiiQ€the tangent 
cylinder at the throat of the hypeTboVov^ i^Kx\iid^V^^» \»3ei^\ 
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uid Article 85, page 73) ia used as an approximation to tbe true 
pttch-aui'face, the teeth of that wheel breome screw- threads, having 
a transverao obliquity dctei'miiied by the principles of Article U7, 
page 152; and, aa has been already staled in the article referred to, 
they are either right-handed or left-handed in both wheels. 

Ids. »ct«w timt ivmi. — Tho figure of a true screw, external or 
iatemal, and the motion of a screw working in a corresponding 
■crew-shaped bearing, have been described in Articles 57 to 66, 
pages 36 to 43. In the elementary combination of an extrniat and 
internal aertw, more commonly called a tcrew and ntit, tbe two 
pieces have threads, one external and the other intcrnnl, of similar 
tignrea and equal dimensions, so aa to fit each other truly ; and one 
of them turns about their common axis without translation, while 
the other slides jmi-aUel to that axis without rotation. The best 
form of section for the thi'eads ia rectangular. The comparative 
motion is, that the sliding piece advances through a dintaoce equul 
to the pitch (viz., the " total axiiU pitch''') during each revolution of 

tJu! turning piece. If the threads are | "fft^h^^ jg^' } the sliding 
piece ia made to move towards an observer at one end of the axis 

'•'{icti'S'} '«<"'-■. '"" " ■»»" f">» >"» '''{.Igt 

handed I '**"*^'"'' ^^ ^^^ turning piece. The combiuation btlougs 
to Mr. Willis's Class A, because the velocity-ratio is constant ; and 
the extent of the motion is limited by the length of the screw. 

153. Hcmr Wheci-Wnk !■ OcacniL— Screw whect-work consists 
of wheels with cylindrical pitch-surfaces, having sorcw-threada or 
helical teeth instead of ordinary teett One case of screw-gearing 
Las been described in Article 151, page 156 — viz., that in which 
the axes are parallel. The cases to which this and the following 
articles relate are those in which the axes are not pai-aUel; so 
that the pitch-surfaces in an elementary combination arc a pair 
cylinders touching each other in on« pitch-point, like those repre- 
■ented in Article 85, fig. 55, page 73. The pitch-point (O', fi& 55) 
is obviously in the common pei^ieudJculav of the two axes (fc" G', 
fig. 55) i and there is one straight line travei-sing the pitch-point 
(O C-, fig. 65), which ia a tangent at once to the two pitch- 
oyliudcrs and to tho acting surfaces or fronts of each pair of 
threads at the instant when those surfuccs touch each other at the 
Tiitch-point : that straight line may be called the LINB 07 cobtact. 
The aru/Ua o/indincUion of the screw-threads to the two axes {-(ee 
Article G3. poge 40) are equal respectively to the angles made by 
the lino of contact with thoee axes. The ?iTcH-ctitCLEa of the two 
■crews are the two circular sections of the pitch-cyUndeTS vVu^, 
timveiBe tho pUch-poiat, Tbe eiAXK or OaHnnmOB, OC n.UBl "^ 



I 



e 



158 GBOKITBT OF ILiCHniEBT. 

Acnov, 18 a plane traversing the pitch-point nonnal to tike line of 
contact : that plane^ of course, traverses the common perpendieiilaT 
of the axas. 

When the line of contact is found by the rule given in Article 
84, page 71, the cylindrical pitch-suifaces represent the tangent- 
cylinders at the throats of a pair of hyperboloids; and the screw- 
threads are approximations to the skew-bevel teeth suited for that 
combination, as already stated in Article 151, page 156. But in 
many cases the line of contact has positions greatly differing from 
this; and then the comparative motion becomes different from that 
of a pair of skew-bevel wheels; the object of screw-gearing in such 
cases being to obtain, with a given pair of cylindrical pitch- 
^ surfaces, a velocity-ratio of rotation independent of the radii o£ 
' those surfaces; and such is the difference between approximate 
skew-bevel gearing and screw gearing in general. 

In every elementary combination in screw wheel-work, each of 
the two pieces is at once a screw and a wheel ; but it is customary, 
when their diameters are very different, to call that which has the 
smaller diameter the endless screw, or worm, and that which has 
the greater diameter the worh-wheel. For example, in fi^^. 111 
(farther on) a' is the worm, or endless screw, and A' the worm- 
wheel. The word " endless '* is used because of the extent of the 
motion being unlimited. 

Screw wheel- work belongs to Mr. Willis's Class A, the velocity- 
ratio being constant 

The following arc the general principles of elementary combina- 
tions in screw wheel-work : — 

I. The angular velocities of the two screws are inversely, and 
their times of revolution directly, as the numbers of threads; 

^ whence it follows that the angular velocity-ratio must be expressible 
in whole numbers, as in the case of ordinary toothed wheels. 

II. The divided norfnal pitch (see Article 66, . page 42), as 
measured on the pitch-cylinders, must be the same in two screws 
that gear together. 

III. The common component of the velocities of a pair of points 
in the two screws at the instant when those two points touch 
each other and pass the pitch-point, is perpendicular to the line of 
contact and to the common perpendicular of the axes; in other 
words, it coincides with the intersection of the plane of connection 
and the common tangent-plane of the two pitch-cylinders. 

lY. The circula/r or circumferential pitches of the two screws 
(Article 42, page 66), as measured on their pitch-cylinders, are 
pix)portional to the total velocities of points (called the surface 
velocities) in those cylinders; and they b^r the same proportion to 
the divided normal pitch that those total velocities bear to their 
common component 



SCREW WHEEI^WORK. 

V. The niatitie transverse sliding of a pair of threads that are in 
action takes place along the line of contact. 

It will be HhowD in the next ftrticlc tliat fnr a given pair of 
axes and a given angular velocity-i-atio the relative tranavereo 
eliding is least when the pltch-cyliudera nro tbe tjingent-cjliadera 
at the throats of a pair of skew-bevel hjpei'boliJitlB, 

\5i. HcRw Wheel-Warii— Bal«a Air OniirliiB^In figs. lOE) and 

1 10 tbe plane nf projection ia siippoaed to be tbe common tangent- 
plune of the two pilcb-cylinders; and I fepieseata tbe pitch-poiutj' 
which is also the truce and projection of the common pei'pondicular 
of the two axes. 

I. Given, the projeetions of the two axes, the anguiar vSodly- 
ratio, atid tits radii iff the tun pUdtcJ/liruIera, to find tlte propor~ 
tionate v<Utt«» of their sitr/ace-vetoeilies, and Ciis proporlionrUe 
vaiite mid dir«tion oftlie velocilt/ of Iranstxrse aliding. The 
two cylinders may ]>e called respectively A and a. 

In tig. 109, let I A and I a represent tbe projections of u 
the two axes. Along those pi-ojections lay ofl' lengths I A, 
I a, propoi-lional to tbe two angular velocities of rotation, 
and pointing in the direction in which an observer must 
look from I in oriler to make both rotations seem right- 
handed. Draw tbe straight line A a, and divide it at I^ 
into two parts inversely proportional to the radii of the 
two pitch -cylinders; in other wordu, let U and b denote 
tbe radii of the cylinders A and a respectively, so that 
B + 6 is the length of tlie common y)ei-pendicular, or line 
of oeutreaj and let K. divide Aa in the fuUowing propor- 
tion: — 

B4 6rB:& 
:: Aa :K:a :E A 

Complete the pnmllclogram. I V K v; then IV, If, and 
the diagonni I K, will be respectively piv)portionnl and 
perpendicular to the surface velocity of the cylinder A, 
the surface velocity of the cylinder a, and tlio velocity of 
nUtive transverse sliding at tbe pitch-point I. 

Or oOienoise, by calculation ; let -^ be the ratio of the 

angalsr velocities, and ^ that of the radii; then ^-g is 

obviously the ratio of tbe surface velocities. 

It ia obvious that fur a given paii' of axes and a given 
pair of angular velocities tlie velocity of transverse sliding 
LI least when 1 K is jerpendiouUr to A o. But A « is „ 

to the line of contact of a pair of liy^wtboVo'tiA l\a.\«a. 
■BQibcen £or akew-bevu} viieek having tW gweu 
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velocity-ratio; and this is the demoDstration of the statement* in 
the preceding article^ that screws which coincide approximately 
with skew-bevel wheels give the least possible transverse sliding 
of the threads for a given pair of axes and a given velocity-ralao 
(see page 159). 

The proportionate value of the common component qf the ewrface 
vdociUea may be represented by the length of a perpendicular let 
fall from either Y or v upon I K ; but the next rule gives a more 
convenient way of representing both it and the transverse sliding. 

II. To draw the line qf contact, and to find the proportions borne 
to the eur/ace velocitiea by tJieir common component^ and by the tram- 
verse diding ; aleo the proportions borne to eacf^ other by die cireular 
pitches, the divided aaeial pitches, and the divided normal pUcik 
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In fig. 110 (as in fig. 109), let I represent the pitch-point, and 
I A and I a the projections of the two axes. Perpendicular to I A 
and I a respectively, draw I C and I e, of the proper lengths, and 
in the proper directions, to represent the surface velocities of the 
two /7itch-eylinders at the point I; draw the straight line Cc, 
cutting the projections of vae two «x»& Vn P and p respectively; 



ScaEW OEAKINQ. 

kl Upon Ce let fall the pcrjiendicular I N (which will obviouslr I 
patalUi to I K in fig. lOa). Through I di'aw TIT parallel to ^ 

Then TIT will be ih« line of contact; I N will i-epreeent Oa 
common component of the mirfacc ve/oeilien (and wilt also be the 
trace of the plane of connection); Oc will reiveseut tlie veloeiti/ qf 

Itranaverae sliding; and the proportions of the Bsveral divided 
■ere 
'■^ 
.J 



I C : circular pitch of A. 
: : I c : circular pitch of a. 
: : I P : divided axial pitdi of A. 
I :Jp : divided axial pitch of a. 
: : I N : divided norual pitch of botli ecieMS. 
Ae figure may be regarded as part of the development of both 
Bierews ujion the common tangent plane of their pitch -cylindera, 
M8ee Article 63, page 40, As to Racks, see Addendum, page 289,) 
The absolute lengllia of the circular pitches are found by dividing 
the pitch-circlea into Buitable numbers of eqiial parta, precisely as in 
the case of Bpur- wheels {see Articles 113 to 121, pages 103 to 114}; 
■nd from them, by the aid of the proportions given by fig. 1 10, tna 
absolute lengths of the divided axial pitches and of the divided 
normal pitch arc easily found. For the total axial pitcb of 
either screw, mult]])ly the divided axial pitch by the number of 
threads. 

111. To find the radii of curvature of the normal screvj-Hnef. Th« 
normal helix, or normal Kcrew-line (see Article 65, page 41), of each' 
of the two screws touches I N at tlie pitch-point I; and the plana 
of connection of which I N is the trace is the common osculating 
plane of the two normal screw-lines at I. Their radii of curvature 
at that point both coincide with the common perpendicular of the 
mxca. The rule for finding such radii (Articles (!4 and G5, page 41), 
when applied to this case, takes the following form: — On I C lay 
off I B to represent the radius of the pitch -cylinder A; then per- 
pendicular to I C draw B D pai-jlk-l to I A, cutting IN in D; 
then perpendicular to I N draw D R, cutting I C in B; I R will 
be the radius of curvatui-e of the nomiul helix of the screw A. 
A similar construction, substituting small for capital letters, serves 
to lind I r, the radius of curvntui-u of the normal helix of ths 

Fig. Ill represents two pi-ojections of the pitch -cylinders of a 
pair of screws designed by the rnles which have just been given, 
and shows also the helical lines in whicii the fronts of the thre-adii ] 
cut those pitch-cylinders. The upper jisrt of the tignr« is & y^:q- 1 
'^tion on the plane of action, whose trace, in tig. WO, "w \ "SJ 
or ja the cotntnoa jierjmidicnlnv of the two axes, a,\\i \. '^^^ 
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l^teh-poiDt ; N'N' is the tnce of the oommon tangent pluie of the two 
^tohH^liaden; and tlie arrow shows tlie direction of the commaa 
conipoDent of their 
■nrface velocities 
at the point I'. K 
and rare thecentns 
of curvature of the 
two normal screw- 
lines at the point 
r;and8Sand»», 
described about R 
and r respectivGlj, 
are their two oscu- 
latingcirclefi, whose 
radii, I' R anJ I' r, 
are found by Kule 

ni. 

The lower part 
of the figure is a 
projection on the 
' commou tangent 
plane of the pitch- 
cjflinders. A A and 
a a are the pro- 
jections of their two 
axes; X I T is the 
line of contact; 
N I N is the trace 
of the plane of 
action ; and the 
arrow marks the 
direction of the 
oommon component 
of the auiface 
velocities at the 
pitch- point L 

In the particular 
example repre- 
sented hy figs. 109, 
110, and 111, tiia 
following are the 
principal data and 
proportions : — 




Velocity-ratio ^ = SQ; 
^amberof threads of A, iQ; ota,2\ 
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adii and line of centres, 
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Buth screws riglit-handeJ. 

I5<0. PiBBrca «f Thmidi fanod hj n«in* af Narnnl 8crciT-I.laea. — ' 

tly the following process threatU may be designed for aiij gearing 
acrew, sn that they fiball gear correctly with threads deigned on 
the same principle for any otber screw of lliesanie nomiiil pitch. 

Let the screw to be provided with threads be, for example, the 
screw A of fig. 111. Draw, by Rule III of Article 154, page 101, 
the osculating circle, 8 I' S, of its normal screw-line. Iaj off the 
uormnl pitch npon that osculating circle, and design the figure of a 
tooth unil two hall-spaces of that pitch, with the proper addendum 
and depth, as if the oscniating circle were the pitch-circle of a spur- 
wbecl i the figure bo drawn will be the normal stclitm of a thread, 
being the trace of the thread upon a surface which cuts it at right 
■ttglcs; and by the help of that section the threads may be made 
* the correct figure. 
The normal sections of the acting surfaces of a thread may ho 
■■ r inwluteB of circles (ArtieJea 131, 133, pages 120 to 128), ot 
_ctoidB (Articles 136 to 140, pages 130 to 137). All screw* 
[Ui involute ikTeads of the same divided noi-mal pitch gear conectly 
rher, and may bo said to belong to one tet; and they hnve tha 
property with involute toothed wheels, of admitting of some 
Ltion of the distance between tho axes. All screws of the 
divided normal pitch having cpicycloidal teeth described by 
jne rolling circle gear correctly together, and may be said to 
belong to one ett. 

Tills method of designing the threads of gearing screws is believed 
to be now published for the first time. 

\bij. Vlanna af Thrrmaa dolgard «■ n Plane Kamal ta aac Axla> 

— In many cases which occur in praclicu the axes of tho two- 
screws are perjieiidiculnr to each other ; so that, in fig. 1 10, page 160, 
A I P and alp arc at right angles. I C coincides with Ip, and 
coincides willi I P; and therefore the divided axial pitch of 
scroti is equnl to tiie eireular pitch of the other. In such cases, 
especially where the diameters of the pitch- cylinders are very 
I that the lai^r screw is called a wonii-wlietl, and tu« 
endlae seme, it is often convenient to design the traces 
of the threads on a plane normal to the aus of tbe worm-wheel, 
and traversing the axis of the endless screwj and then it is evident 
(aa Mr. Willis apjioars to have been the ^rst to xliow^ Ibwt ^ O;^'^ 
tracrs of the threads of the wonn-wbeol be made l\Ve l\\o«« o^ ^ 
wheel of the game mdiaa and pitch, and those ot t>\e ftaireai* 
'CA« «sw«r Jike the tmcea of the teetli of a rack iraxtcA *» ^fsvc 
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with that Bpar-vheel, the worm-wheel and screw will gear oorrectljr 
together. 

Fig. 113 repreaenta a worm-wheel and endle«a screw. 

The lower part of the figure is a diagram drawn on the common 
tangent plane of the f itch-cjlindera. I is the pitch-ixiiut; I is 
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the divided axial pitch of the endless screw, being also the don^lop- 
ment of the circular pitch of the worm-wheel; I c is the divided 
ajfiu! pitch of the worm-wheel, being also the development of tlic 
circular pitch of the endless screw. I N, perpendicular to C c, is 
the development of the divided normal pitch of both screws; and 
Off/s the extent of transversa sliding which takes place wbUe an 
«/w egmt to the pitch passes the pitch-soVwV 




In tlie left-lianj diviMon of tlio upper jiart of the figure 
9ke plane of prriJectioD is normal to the &\in, A', of the worm- 
'whiwl, and traveises the ania, a' a', of the endless sci'ew. The 
circle B B U the trace of the pitch -cylinder of the ^vheel; the 
■tniight line 6 6 is the tmce of the upper Bide of the pitch- 
cylinder of the screw ; and those traces tonch each other in the 
pitch-point I'. The threads of the wheel, and those at the upper 
side of the screw, are shown in section ; tlie traces of the threads of 
the wheel are like those of the teeth of » spur-wheel hnviag the same 
circular ])itch, and B B for a pitch-circle ; the traces of the threads 
of iho screw are like those of the teeth of a ruck suited to gear with 
that epur-wheel, and having 6 6 for its pitch-line. The addendum- 
circle, E E, of the worm-wheel, and the addendum-line, e e, of the 
endless screw, ore drawn as for a spur-wheel and rack. The lower 
parte of the threads of the endless screw are shown in projection. 
In the example given, both wheel and screw have right-handed 
threads ; the number of threads of the screw is two ; of the wheel, 
40; and the screw is represented us driving the wheel. The right- 
band division of the uj>per part of the figure shows the wheel in 
section and the screw in projection; and the plane of projection 
traverses the axia. A', of the wheel, and is normal to the axis, o", of 
tbt screw; I' is the pitch-point. 

The traces of the threads of the wheel in the left-hand division 
o{ the upper part of the figure are involutes of a circle, and those 
of the threads of the screw are straight lines. That shape, as in 
the case of spur-wheels, enables the distance between the axes to 
be varied to a certain extent without affecting the accuracy of the 
action. But any shapes suited for the teeth of wheels and racks 
may be employed. 

If a set of worm-wheels be made of the same circular pitch and 

obliquity of thread, and having the traces of the threads all 

{nvolutes or all epicycloTds, traced by the wanie rolling circle; and 

if a set of endless screws be made, all of the same divided axial 

pitch, equal to tlie circular pitch of the wheels, and of an obliquity 

of thread equal to the complement of the obliqnity of the threads 

of the wheds, and having the traces of the teeth, as the case may 

be^ oil straight lines of the proper obliquity, or all epicycloids traced 

by the same rolling circle tbat is used to trace the threads of the 

wheels, then any one of the wheels will gear correctly with any 

ne of the screws. 

157. ciHe-Fiiims T>ii(»i Rcrcwi,— Tn many cases the object of 

rew-gearing is not the economical transmission of motive power, 

it the production of small angular motions wiUi great accuracy: 

t, for example, when the principal wheel of a dividvQg CiC^TvC^ ctt 

Mt of a machine for/jitcbiug and cutting theteettiot ^'UeAa,™ 

-> wieel or aector which adjusts the directvon ot altoVa «l* 
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cutting tool in a shaping maobine, is driven by a ''tangent-screw" 
situated relatively to the wheel in the manner already shown in 
fig. 112. In such cases the screw has not only to move the wheel 
into any required position, but to hold it there; and therefore it is 
essential that there should be no back-lash. In order to ensure 
this, together with the i-equisite precision of action, an exact copy 
of the tangent screw is made of steel, the edges of its thread are 
notched, and it is hardened, so that it becomes a cutting tool : it 
is then mounted in a suitable frame, so as to gear with the roughly 
formed teeth or threads of the wheel, and turned so as to drive them ; 
in the course of which operation it cuts them to the proper figure. 
The axis of the cutting screw is placed at first at a distance from 
the axis of the wheel somewhat greater than the intended per- 
manent distance ; and after each complete revolution of the wheel 
the axes are brought a little nearer together, until the permanent 
distance is attained ; and by turning the screw in this last position 
the shaping of the teeth or wheel- threads is finished. From the 
property of threads with traces similar to those of involute teeth, 
which has already been meutioncd in Article 156, page 165, it is 
evident that this class of figxires is peculiarly well suited to cases 
in which the tangent-screw is made to cut the wheel, because of 
the gradual diminution of the distance between the axes which 
takes place during the process of cutting. 

158. oidiiaai*b €««piiBf.— A coupling is a mode of connecting a 
pair of shafts so that they shall rotate in the same direction, with 
the same mean angular velocity. If the axes of the shafts arc in 
the same straight line, the coupling consists in so connecting their 
contiguous ends that they shall rotate as one piece; but if the 

axes are not in the same straight line, 
combinations of mechanism are re- 
quired. Various sorts of couplings will 
be described and compared together in 
a later division of this treatise. The 
present Ailicle relates to a coupling for 
parallel shafts, invented by Oldham, 
which acts by sliding contctct. It is 
represented in ^g, 113. G^, Gg are the 
axes of the two parallel shafts; D,, Dg, 
two discs facing each other, fixed ou 
the ends of the two shafts respectively ; 
E^ E^, a bar sliding in a diametml 
groove in the face of D^; Jj^ Eg, a bar sliding in a diametiul 
groove in the face of Dj : tLoi?e bars ai-e fixed together at A, at 
right angles to each other, so as to form a rigid cross. The angular 
veJocItJea of the two discs and of the cross are all equal at every 
instant; the middle point of the orosa, at ^^ YQNo\N«&m\2[i^ dotted 




Fig. 113. 
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OLDHAM S COUPLIXC— PIN J 

ircle described npon tbe line of ccntrea, C^ C^, &b a. dmmeter, twioa 

rach turn of the discs and cross; tbe inatantAneoiis axia td 

tion of the cross at aoj mstuat is at I, the point in tbe circla 

Cj dianietricatly ojijiosite to A ; and each arm of the cross elides 

its gi-ouvc3 througli a distance cqiml to twice the line of eentna 

iriug esch balf revolution, or twice the line of centres and back 

^aiii — that is, four times tbe line of centres— during each revolution. 

Oldbani's coupling belongs to Mr. Willis's Class A, Tbe cross 

may bo atrengthencd by making its two bars take the form of 

projecting diuuietral ridges on opposite aides of a third circular 

IOitw Ur tbe cross may consist of two grooves iu the oppoaita sides 
bf such a &\ic, end instead of grooved discs, the two shafts maj 
tny cross burs fitting the grooves of the cross. 
169. mm »wi snaiabi i>i«t — The communication of a nniform 
Telocity-mtio by tiio sliding contact of a round pin with the Hides ., 
of a slot or groove has already beeu described in Article 141, page 
137. A TcIocity-ratio varj-ing in any manner may be communicated 
by making the slot of a suitable iigui'e, the principle of the com- 
bination being, that tbe tine of connection is a normal to the centre 
lino of the slot, traversing the centre line of the ]>in. The present 
Article relates to cases iu wliicli tlie slot ie stniight antl the 
velocity-ratio variable. Three such ca-sea are illustrated by figs. 
II*, 115, and 11 C, further on. Fig. 114 represents a couplinij, 
belonging to Mr. Willis's Class B, where two shaftn turn about 
the parallel axes A and B with equal mean angular velocities, 
though tbe angular velocity- ratio at each instant is variable. Fig. 
115 shows a ci-ank turning continuously about the axis A, and 
nursing a pin, C, which, by means of the slot F G, drives a lever 
vhich rocks or oscillates about the axis B Fig. 116 shows a 
crank, turning continuously about the asis A, and carrying a pin, 
;lC, which, by means of the slot F G in the cross-head of the rod B, 
'^VL-a a reciprocating sliding motion to that rod. The last two 
CDmbinationH belong to Mr. Willis's Cksa C. 

In practice, for tbe purpose of diminishing friction and pre- 
venting back-lash, it is usual to make the pin tuni in a bush which 
■lides in the slot; but that bush is not shown in the figures. 

The following ore the pi-inciples of the action of those threo 
mbiuations : — 

I. Coupling (fig. IH). — In order that the directional relation of 

rotations may be constant, the vrat\k-arm, A 0, must be greater 

tbe line of centres, A B, 

"With a given crank-ann, A 0, to find the ponilion of the axis B 

'th« dot-lever, so that the crank and slot-lever shall alternati'ljr 

[6 and fall behind each other by a given Kng\e'. — VJ'W.\\ ^)Qa 

ndius A C describe the cjtcJe D C E, and vlraw 0\«i ti\aLWie\«* 

I>A £, with which tbe line of c-i'nlraa ia to co\nc\io. ^ja-'J ^^ 
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EAH= EA& = the complement of the given angle, and draw 
H B A perpendicular to D A K B will be tlie tmce of the re- 
quired axis. 

At the instant when the centre of the pin ia at H or A, the 
angular velocities are equal; 
and A H B = A A B is the 
given angle beforementioned. 

With a given position, C, a! 
the centre of the pin, to find 
1 the angular veloetly - ratio : — 
From C, perpendicular to the 
centre line, B C, of the slot, 
draw the line of connection, 
C I, cutting the line of centres 
in I; then 

Angular velocity of B _ A I_ 
Angular velocity of A B I' 
or otherwise; draw A P par- 
allel to B C and perpendicular 
-— ,^i.-,-- ■ to C I; then 

Pig in^ Angular velocity of B A P 

Angular velocity of A B 0* 

The I ^!1 > values of thia ratio occur when the pin is at 

\j\l re!^)ectively; and they are oa follows: — 
AC 




Greatest, 



BE " 



AC - AB' 
AC 



""""' B D - AC + AB- 
The travel or leiuflh r^f sliding qf the pin in ilie dot is 
FG = BF-BG = BD-BE; 

and this takes place twice in each revolution. 

II. CraTik and Slotted Lever {Sg. 115). — As the crank-arm, A C, 
in £g. 115, is shorter than the One of centres, A B, the dotted 
lever, B O F, has a reciprocating or rocking motion. 

With a given line of centres, A B, and a givea semi-Mt^iCuda 
or angular hatf-stroke of the rocking motion of the lever, A B K 
= A B £, to find the length of crank-arm: — From A let fall A K 
perpendicular to B K, or A it perpendiculai' toBX;; AK = A£ 
w//I bo the required crank-arm. 
K and £ wUl be tbe two dead pointt ; t'b&^ute«a.'3,t^Qi;}ositionB 



PIN AND SLOT. 



uf the <*ntre of the pin at the two instants when the levor has n 



e direction, and being 




vvlocit;, having just ceaacd to move i 

just about to begin to move in thi 

opposite direction. 

To find the anipdar vdomty-ratio at 

the instant when tlie centre of the pin is 

in a given position, C : — Dr.»w the corro- 

sfioiimng position, B C P, of tlie centre 

liiie of the 8lot, and perpendicular to it 

draw C I, cutting the line of centres in 

1; then 

Angntar velocity of lever A I 
Angular velocity of cmnk ~ JB I' 
To find the travel of the pin in the '■ 

Blot,layoffBG = BE^andB F = BD; t,'. 

(i and F will be the two ends of the 
■ tmvel of the centre of the pin; and \ 
UrO= DE = 3ACwiUbethe length '■ 
Kr travel. 
^ III. CfatJe and Slat-heaM Sliding 

Sod {6g. 1 1 6).— The cnuik-arra, A C, in 

this ca-se is to be made equal to one-half 

of the intended length of stroke of tha 

flliding rod, B. Dhiw the circle described by C, the centre of the ' 

pin, and let A A K bo the diameter of that circle which ia parallel i 

to the direction of motion of 

the rod; then K and k will 

be the dead points, or jKisi- 

tioUH of the centre of the pin 

at the two instants when the 

rod has no velocity. To tind 

the vdocity-ratio of the rod 

and cnnlc-pin when the 

centre of the ciank-pin is in 

a given position, C : perpen- 

dicnlnr to the direction of 

motion of the rod diaw the 

diameter D A E; this line 

will correspond to the lino of centres in the preceding probleii 

tben through C, and perpendicular to the centre-line, F G, of tbo 

slot, draw the liue of connection, C I, cutting D A F " 

following will be the required velocity-ratio: — 

Yeiocity of rod, B 




Veh 



Al 

;/(/ of centre of pin, " A. G 
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The eoBtentoJ trawl qfthe pin in the dot \aVQ » DE = 2 AG. 

160. Ctunm aad wiF«n la GciMnd.— Cams and wipers are those 
primary pieces, with curved acting surfiEUses, which work in sliding 
contact without being related to imaginary pitch-surfaces, as the 
teeth of wheels and threads of screws are. The distinction between 
a cam and a wiper is, that a cam in most cases is continuous in its 
action, and a wiper is always intermittent; but a wiper is some- 
times called a cam notwithstanding. A cam is often like a non- 
circular sector or wheel in appearance; a wiper is often like a 
solitary tooth. (As to "rolling cams," see Article 110, page 99.) 

The solutions of all problems respecting the velocity-ratio and 
directional relation in the action of cams and wipers are obtained 
by properly applying the general principle of Artide 122, page 114. 

In most cases which occur in practice, the condition to be 
fulfilled in designing a cam or a wiper does not directly involve the 
velocity-ratio, but assigns a certain series of definite positions 
which the follower is to assume when the driver is in a correspond- 
ing series of definite positions. Examples of such problems will 
be given in the following Articles. 

161. Cam with Gro«Tc aad Pia. — ThroQghout the present Article 
it will be supposed that the acting suiface of the follower, which is 
to be driven by the cam, is the cylindrical surface of a pin. It is 
easy to see that without in any respect altering the action, a 
cylindrical roller turning about a smaller pin may be substituted 
for a pin in order to diminish fiiction. If the ^in is to be driven 
by the cam in one direction only, being made to return at the 
proper time by the force of gravity or by the elasticity of a spring, 
the cam may have only one acting edge; but if the pin is to be 
driven back as well as forward by tlie cam, the cam must have two 
acting edges, with the pin between them, so as to form a groove 
or a slot of a uniform width equal to the diameter of the pin, 
with clearance just sufficient to pi*event jamming or undue friction. 
The centre of the pin may be treated as practically coinciding at 
all times with the centre-line of such a groove, which centre-line 
may be called the pitch-line of the cam. The most convenient way 
to design a cam is usually to draw, in the first place, its pitch-line, 
and then to lay off the half-breadth of the groove on both sides of 
the pitch-line. When one acting edge only is required, it is to be 
laid off on one side of a groove, the other side being omitted. 

The line of connection at any instanjb is a straight line normal to 
the pitch-line at the centre of the pin. 

The surface in which the groove is made may be either a plane 

or a sui-face of revolution ; a plane for a cam-plate which either 

turns about an axis normal to its own plane or slides in a straight 

Jjne, and acta upon a pin whose centra moves in a plane parallel to 

tJbat of the cam-plate; a solid oixevo\\i\i\oii,\)fe\Ti\|^«v>iXi«^^'^^ 



a cone, or a b^perboloid, for a cam wbicli turns about nn axis, a 
nets on a pin whose centre has a. reciprocating inotiuu in a sti-aight , 
lino coinciding with a generating line of the Burfuce of i-evolution. 

Tlic following example is a case of a rotating plune cam, giving ' 
motion through a pin and lever to a I'ocking shaft 'n'hose axis 
]>iimllel to tbe axis of rotation of the cam. 

In fig. 11" tbe plane of projection is that of tbe cam-plate, and 
is normal to tbe axes of tho cum and of the lever, In the lower 
part of the figure, A' represents the trace of the axis of the rocking 
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shaft, and (7 the trace of the axis of the cam, so that A' CMs th^ 
line of centre& The direction of rotation of the cam is shown by an 
arrow. In the example, the direction b left-handed. The circular 
arc, 6, described about A' with the radius A' 0, is the path to be 
described by the centre of the pin; and the twelve points in that 
arc, marked with numbers from to 11, are twelve positions which 
the centre of the pin is to occupy at the end of twelve equal divisions 
of a revolution of the cam. It is required to find the form of the 
cam which will produce that motion in the pin. 

In the upper part of the figure, let C represent the axis of the 
cam; suppose that the cam is fixed, and that the line of centres, 
G A, rotates about C, carrying the axis. A, of the rocking shaft along 
with it, with an angular velocity equal and contrary to the actual 
angular velocity of the cam. That supposition will not alter the 
relative motions of the working pieces. With the radius A 
describe a circle to represent the supposed ^mth of A relatively to 
C; divide its circumference into twelve equal parts, and to the 
points of division draw radii, C Aq, A^, C Aj, <&c., to represent 
twelve successive positions of the lino of centres relatively to the 
cam, as supposed to be fixed. Lay off the angles A^ 0, C A^ 1, 
C Aj 2, &a, in the upper part of the figure respectively, equal to 
the angles 6 A' 0, C A 1, C A' 2, &c., in the lower part of the 
figure; and make each of the straight lines Aq 0, Aj^ 1, Aj 2, &c, 
equal to the lever arm A' 0. The points thus found, 0, 1, 2, <fea, 
will be points in the pitch-line of the cam, and a curve drawn 
through them will be the required pitch-line. 

About each of the points 0, 1, 2, &c, draw a circle of a radius 
equal to that of the pin : a pair of curves touching those circles 
BO as to be parallel to the pitch-line will mark the two sides of the 
groove, without allowance for clearance. Clearance may be pro- 
vided either by slightly diminishing the diameter of the pin or by 
slightly increasing the width of the groove. If the lever is to be 
raised by the cam, but brought down again by gravity, the outer side 
of the groove may be omitted, and the cam will become a disc bounded 
by the innermost of the three parallel curves shown in the figure. 

The number of parts into which the revolution of the cam is 
divided may be made more or less numerous according to the 
degree of precision required. 

It is easy to see how a similar method may be applied to the 
designing of a cam-disc which shall produce a given motion in a 
follower whose acting surface is of any given form. A figure is to 
be constructed like the upper part of fig. 117, on the supposition 
that the cam is fixed, and that the frame of the machine rotates 
about the axis of the cam with an angular velodiy equal and 
contrary to the actual angular velocity of the cam. Then, just as 
the pin in the Uj)p6r 2>ai't of ftg. 111 \a dtu.7jii\xiSX& w^^wligositions. 



(^ 1, % Ac;, the tnce of the acting sarfaoe of the follower la to be 
dnwn in its several sacceasiTe positions; and a line touching that 
trace in all its positions will be the trace of the required cam-disa 

The dead pouUt of a cam are the points in its piteh-lioe which 
are at the greatest and least distances from its axis. In the 
example shown in fig. 117 the dead points are and 6. When 
the centre of the pin is at those points it boa no velocity. Any 
part of the pitch-line which is an arc of a circle about 
corresponds to a pauM in the motion of the pin. 

1 62. SrawlBK ■ CaM kr Clrcalar Arc*. — In mnny cases in which 
caiDS have to be designed, the dead points alone are given by thecondi- 
tions of the problem, leaving the parts of the pitch-line between those 
poiDtatobedrawnacmrdingtoconvenienca Forexample,infig.ll8i 
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zinHf intended for Seir-Teadien, and placet befnn the Reuler Id 
areiuonofG 1 ■»-:.-: -i— .1. ; ■ 



HOMSON (Spencer, M.D., L.R.C.S., Edinburgh, 

mud J. C. STEELE, M.D., of Guy's Hospital) : 

A DICTIONARV OF DOMF.STIC MEDICINE AND HOUSE- 
HOLD SURGERY, Thotoughls' Revised anJ in part Re-Written by 
Die Editors. With a Chapter on the Management of the Sick-roosi, nnd 
ntan^ Hints for the Did and Comfort of Invalida. With macji new En- . 
gravings. Eightanlh EdiSintt. Royal 8vo. Qoth,'lo/6. 



^^WYLDE (James, formerly Lecturer on Natural 

^^L PhHosophf at the Polytechnic) 



THE MAGIC OK SCIENCE: A Mamiol of Easy and Aiousiof.« 
Sdentilic Experiments. With Steel Portrait of Faaday and many htm 
dred Engravings. Third Mditkn. Crown 8vo. Cloth gill ntid g" 
edges, 5/. 
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VJIABLJSS UHII^FIN * COMPAKTS 



EDUCATIONAL WORKS. 



Sptciiiun Cafia af all the Eduiatienal H'miti ffuiliiird by Mrta 
Ckarla Griffin and Comfaiiy ma ■ ft j/tn ai tie LibrarUt if the CMfi^ 
Prttepters. Sioutk KtmiHjriBn Museum, and Crystal Falait: a'sD at Iht dtfi 
fflke Chief EJucalienat Sseietits. 



BRVCE (Archibald Hamilton. D.C.L.. LL.U 

Senior Classicol Moderator in tlie L'nivenity of Dublin) : 
THE WORKS OF VIRGIL. Text from IIevnb and W'acnu 



English Nolcs. ariginiil, and selected from the le]uliiig Cnnuui, Ainer 
and English Commentatars. lIlustriiioiB from Ibc antinne. " 
One Volume. FauHfcHtk Ediiioa. Fcap Svo. Clolli. 6/. 



. n Three Tart- : 

Pan I. Bucolics and GEnRuics, . . 3.'6. 

Pari II. THe yEHSiD, Books I.-VI.. . 2/6. 

ran ni. Thk .-EsBiii, Books VII.-XII.,. a(6. 



Gjnuiiii Ihc pilh dT whit ha> b«n wriilc 


br Ihe bex wJiolm on 
ludent an ■xmm.'—AOu 






mcl«lilIpaDrVj.BUeve 




w can iibiain."-^<"/wM 



^COBBETT (William): ENGLISH GRAMMAR, 

in a Series ol Letters, intended for Ihe use of SchoaU and ^'oung Penoiu 
ii> general. With on nddiliunal cli.ipter on i'ronunciatian, by ilie Authoc'S 
Son, Tames Paul CcjBBRrr. The atly iornet and auihoristd EJiiiait,\ 
Fcap Svo. Clolh, 1/6. 

WiIli«m™«bheIf*.™Ucn7.uun. new cnpyrighl'piMlir. av a-cll L ind 



COBBETT (William): A FRENCH GRAMMAR. 

Fifternih Editien. Fcap Svo. Cloih. 3/6. 

" BuiiiiEu men cammtncing tbc ttudyor Krencli a ill find thiiuuliw one of ihe 
ii.l>. ■ . . UiiUtsciy uxi m Oit Hoaumax.'- -MidlmndCimHlifillmld. 

tCOBBIN'S MANGNALL: MANGNALL'S ~ 
inSTORKAL AND MISCELLANEOl S QUESTIONS, for ihc U! 
of Voung People. Ily Kichmat. Mancnall, Greally cnlat^^ and 
corrected, and conlinutA vnvVt v«^sctA \:wt«,Vyj Ihckui Connix, M.A, 
' flftJ'-/ounh Tiiousaitd. N™, Itluilr-iHd EdilioH. ii^nn. CSs*!s.,<v. " 



COLERIDGE (Samuel Taylor): A DISSER- 
TATION ON THE SCIENCE OF METHOD. [Encychpadia I 
UdrofnlitoHa.) With a Synopsis. .V/nrt Edition. Cr. ivo. Clnlh, i/. / 



I 



CRAIK'S ENGLISH LITERATURE. 
COMPENDIOUS HISTORY OFl 

ENGLISH LlTtlkATUKE AND OK THE ENGLISH I.AN(.:UAGK I 
FROM THE NOKMAN CONQUEST. With numctou* Speciineiu. 1 
By George Liu-ie Ckaik, LL.D., laic Professor of UiiWrr nod 1 
English Literature, Queen'* College, Bel&st. Nav Kiiitian. In twi ■ 
vob. Kojal Svo. llnndsDmely bound in cloth, 35/. 
GENERAL CONTENTS. 

IWTIOUUCTORV, 

I.— The Norman Pbrioo— The Conouest. 
n.— Second English— Commonlr called .Semi-Sniion. 
in.— Third Enclisk— Mixed, or Compound EnglLJi. 

IV.^MlUDLE AND LATTElt PART OF THE BEVKNIEENTII CENTURT. 

v.— The Century betwbbn the English Revolution ahi> 

THE French Revolution. 
VI.— The LArrRE Part of the Eighteenth Cbnti-ry. 
VH.— The Niseteenth Centi;rv (a) The Last Ack ok thk' 
Gkokges. 
{&) The Victorian Ace. 
iViih Hamirvui Eictrfli and SpfciMtm ofSiylt. 
" Anyone who will take ihc trwibli la uccmia ihe taa, will And huw cwnpleitiy 
«ven our trtat poeu ami other writen of fhc tual gmicndan uve tinmAy iaAbd mm the 
view of Ibe pnicDt, with Ike mml numcnns elu at Ihe cducMtad ud ru4i>S pnUle- 
Scamly anylhiiig is genenlljr R«9 eicept ihe pnbticittocB cf the day. Vkt HTtHim) 

IB VCIICr ClfPTAIN THAH THAT HO TBVI CIT LTl I'AT loH CAH Hk su ACOUIHin], Tfalli n 

Ih« cKtremc t3Bc of that entire ifaorance ot hitlory which has been ajfimuidt Br>t with 
Ife0rv_p«n[ tbvx Imih, Id IcnTe a pcrvnolw^yi h ciiild- . . . The|rrv>er«< vnvk 

The •dWnw' oT the mine mid revolutioiu of (he !>■ 



.he l««™*e which i. foU<««l ho. i. 
bui upoB oalunl <ir ml ■lixinctiori. 
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'rol^Bur Craih't book aaoig;, at ii 
Uj pnbublv likei ■ place fuile by ii'x 

■ eampnnetuivenea. Ii u alwayi cli 

■ iatat faatr-Salnnta* Jlrvirni. 
P ■■ PiuTcKn- Cnik hai oiccecdeil in nakini a book mat than niii.illr ngrentile.'— 

CRAIK (Prof): A MANUAL OF ENGLISH 

LITERATURE, for the use of Colleges, Schools, and Civil Service 
Examinalions. Selected from the larger work, by Dr. Craik. A'/xM 
£dilUH. With an Additional Section on Recent Literature, by Hekrv 
CliAiK, M.A., Author of "A Life ot Swift." Crown Svo. Clmh. 7*. 

"Thii augBienled cHoK iirill. we douhi □«, be nceiVEd with decided appnuiiDn 

by (bote who are entitled to judge, and itudicd wilh much pralit by Ihne who want 

le learti. . . . ir our vuung readcn will live healthy peniul 10 Dr. (>Bik*> work. 

_ ihn- will grtBlly benefil by Ihe wide and »uni Vieii^\w>iu ^ua^ \ri.un -bKi^ - 



ao CITARLBS ORIPFIN * COMPAWT^ 

WORKS BY CHARLES T. CRUTTWELU lliA^ 

PcUow p( MERDa Callcet. Oifdid. and MobI Mn&ter dT Malvmi CoOcxi. 

1.— A HISTORY OF ROMAN LITERA-* 

TURE : From the Earliest Period 10 the Times of the Antonines. TAirJ ~ 
EJiliim, CroffD 8vo. Cloth, 8/6. 
" Mr. Chuttwell has dane a real xrvici to all SmdenU ofUio Latin Ld^mgE and 

"A rani Ur^c^able- indeed, indiqieHnblE—SUide f« the SuidmL . . . The 
' cncml reader ' will he beth churned and iHtmictol." — S^itniay Rtnnm. 

"Tbc Author undenakec to tnalcc LdEin LilenLure intcraiillf, and be hsHStrccbk^ 
^ftiHiKtaduU puein die TDhune." — Attidtmf, 

'"The gmU mcKi Mthe mrk Uiu CuhK»«id scconUT."— f^unttu. 

" This elaboTAle and careJul worlc, in ereiy reipecl <tf hi^h mcru. Noihinc ■( nfl 
equal to it hu hitherto been published in EnfiUDd, —Bnliitt Quarterly ReviriM. 
Compamon Velamt. Sftimd Edilioa. 
II.— SPECIMENS OF ROMAN LITERA- 
TURE; From iheEarliestPcrodlotheTimesoftheAntomncs. Passnges 
from Ihe Works of Latin Authors, Prose Writera, and Poets : 

IPart I. — Roman Tuought : Religion, Fbilosoph; and Science ^H 
Art and Letters, 6/. "^H 

Part II.— Roman Stvlb: Descriptive, Rhetorical, and HomOTDOi^H 
PMsages, S/. ^H 

Or in One Volume complete. io/6. ^^ 

1 

»&om the antique. Complete ia Une Volume. Fcap Svo. Cloth, 5/. ^H 

Oc in Two Parts : ^M 

Fart 1.— Caruina, 3/. ^H 

Part II.— Satires AW» EplsTLtts, . 3/, ^H 

"The notes are eicellcnt and cxbxna\ie"~Q<arlrTly Jrmmal o/Jidiiailam- ^H 



n One Volume complete, 1 , 
F.dited hj C. T. Cruttweli, M.A., Melton CoII^e, Oxford; vk 
Pkake Uanton, M.A., some ^me Scholar of Jestis College, Oxford. 

'"Specimeiu of RonuD liieiaiure' marks a new era in Ihc sEcidy of I^Un.**— 
EmrlisM C»inAmai. 

Schoolnusters and fulors will he gnlefol for a volume which supplies theta at ono 
«ith paj^Ees of every shjide of difficutij for testing IhcmandiHereni capaeify, « whid 
BAT K read with ulvurtHe in die htg^ier foims of «hDo1t-' Tlwre h do rKher hmk o 

cbe^ieu. or inleresi. — n^>^ £//i> » tki" AcaJtmy," 

C U R R 1 E (Joseph, formerly Head Classical 

Master of Glasgow Academj') : 

THE WORKS OF HORACE: Tcit from Okellii;s. EnglUh 
Notes, original and selected, from the best Commentators. Illu<tratioita 
from the antique. Complete ia One Volume. Fcap 8vo, Cloth, S/. ~ 



. EXTRACTS FROM C/ESAR'S Com- 
mentaries : eontainine his description of Gaul, Britain, and GennanTy 
With Notes Vocabulary, &c. Adapted for Young Scholars, Fourth 
Edilhti. iSmo. Cloth, 1/6. 

D'ORSEY (Rev. Alex. J. D., B.D.,. Corpus 

ChtiBti Coll., Cambridge, Lecturer at King's Collene. London) : 
SPELLING BY Y)lCTA.TlON -. Progressive Exereiscs in Englisli 
^ Orthography, foi Si:\Ky3\s imi Cvii ^wvnct t^asMiuoSnoa. Six/tmH— 
L Tkauiand. iSiuo. C\oA, \\. M 



MDUCATIONAh PUSUCATWyS. 
FLEMING (WiUiam, D.D., late Professor of 

Moral Philoiophy in Ihe University of Glasgow) : 

THE VOCABULARY OF PHILOSOPHY: Mental, Mdbai, 
AND METAPHYStcAt. With QnotaliaQS and Refetences for ihe Use of 
Students. Revised and Edited by IIensy CAUiEitwooo, LL.D,, Pro- 
fessoi: of Momi Philosophy in the University of Edinburgh. ThU'4 
JiiUion, en!ar£id, down 8vo. Cloth bevelleii, 10/6. 

McBURNEY (Isaiah, LL.D.,): EXTRACTS 

FROM OVIU'S METAMORPHOSES. With Notes, Vocabulary, 4c. 
Adapted tor Young Scholars. Third Edition. iSnio. Cloth, 1/6. 

MENTAL SCIENCE: S. T. COLERIDGE'S 

celebrated Essay on METHOD; Archbishop Whatilv's Treatises 
Logic and Rhetoric. Tenth Edition. Cro-n-n 8vo. Cloth, 5/, 

MILLER (W. Galbraith, M.A., LL.B., Lecturer 

on Public Law, including Jurisprudence and Intemational Lav, ii 
University of Glasgow) : 

LECTURE.? ON THE rillLOSOPIIV OF LAW. In Svo. 
(Ai priparalitH.) 



WORKS BY WILLIAM lUMSAY, M.A., 

Tlinily CoH^e. QunbridBc. late Prafcuor uf Hununiir in >lw Unimiitr dT C9mi 



A MANUAL OF ROMAN ANTIQUITIES. 

For the use of Advanced Students, Witb Map, IJo Engravings, and very 
copious Index. Twlfth Editien. Crown 8vo. Cloth,"" 

lltAMSAY (Professor): AN ELEMENTARY 

■ MANUAL OF ROMAN ANTIQUITIES. Adapted for Juni<jrCU.«e«. 
With nainerous Illustrations. SimaiiA EditioK. Cruwn Svo. Cloth, 4/, 

■ A MANUAL OF LATIN PROSODY, 

Illustrated by Copious Examples and Critical Ecmarka. For the uw 
of Advanced Students. .ii>M Edilim. Cxovm Svo. CloLh, S/. 
olhcr wfltk OQ the lubjeit wonhy lacucniKlc wiih a.'—. 



AN ELEMENTARY MANUAL OF 

LATIN PROSODY. Adapted tor JimvotOaaaiE,. Cia-Hftt.-iQ. Owiii,'" 



CffASLeS OBIFFIN <t COMPANrS 

THE SCHOOL BOARD READERS : 

A New Series uv Standabii REAniNr.-Eooiis. 
F.nlTKh IIV A 1-OKMKR H.M. INSPECTOR OF SCHOOLS. 
AdBpltd by many Sckecl Boards thrnughaul rke Counlry. 
:iiry K cuter, I'lrr T., I'l. , Slandaid III 



. 11-. 



IV.. 



[U]«nl 1.. . 

II 6d. I .. VI., , . a,. 

Key to Uic Qiic^lions m Aiithmelic in 3 Parts, each 6c]. 
_ * Each llo(/k of ihii Series conuins witbin itseir all that i;; nc^rs^aiy 
ribl&l the requiremcDts of the Revised Code— vij.. Readmg, Spelling, al 
Dictation !.«»«□&, toeetlier with Exerciaes in Arithmetic for [he whole yd 
The paper, type, ood binding are all that can be desired. 

■'ThF nooK> r^GNERIM.I.V ARE VUV HI CH H'H;1T WE SHDUtJI 11IB.1 OH. ~— 7->M 

"Tht Sillies i* nttlBupi-i OMR of the hkit ilui have jei appeared.-— jIM™*. 



THE SCHOOL BOARD MANUALS 

On riif, HrEcui' supjpcts ot the Revised Core, 

i!Y A KDRMIiR li.M. INSPECTOR OF SCHOOLS, 

Ediler efiht " Sihool Board Rfoderi" 

64 p^ei, slilT wrapper, kd. \ neat cloth, -,d. each. 

I V.-ANIMAL PHYSIOLOGY. <Wi 

VI.^BIULK tllSToKy. (Eniirely it 

I FfPin my Dcnominauon.! biai.) 

ISENIOR (Nassau William, M.A., late Professo 

of Polilical Econnmy in the University of Oxford). 

A TREATISE ON POLITICAL ECONOMY: the Science which 
treats of the Nature, the Production, and the Distribution of Wealth. 
Sixth KiiUMH. Crown 8vo, Cloth. {Bncychpadia Melrojielitanii), 4/. 

|THOMSON (James): THE SEASONS. Wit 

an InlruHuilioil and Notes by Robert Ueli, Editor of the "AnnotaW 
Serieiof Hriiish Pocis." Third Edition. Kcap 8vo. Cloth, I'r 
} Ihc iiuily of Dur Engluh fIimIci."' 

ITHATKLY (Archbishop): LOGIC— A Treads* 

With Synopais and Index. {Eniydefadia Attlroftlilana), ; ' 

RHETORIC— A Treatise on. Wit^ 

Kynopsii and Indei. [Eiiiyilofadia Afetivpelilana). 3/6. 

l^VLDt: tJamesV \ >\K^\iKV CiV U^THE 

MATICS, Pate and AvP'^^'^' '^'^l*'' 



(IB.KERAL PUBLICATIONS. 



WORKS IN GENERAL LITERATURE. 



pHLL (Robert, Editor o! the " Annotated Series of 

llntLih Toels"): 

GOLDEN LEAVES FROM THE WORKS OF THE POETS 
AND PAINTERS. 1 llu-lrated by Sixty-four su]i«rb Encrarings on 
Steel, after raintings by DaV]I> Robekts, Stanfiiilii, LiiSLis. Sto- 
THARD, Havuon, Cattermole, Nasmvth, Sir Thomas LawrencKi 
anil many othere, imd engraved in the first style of Art by Fin 
GHGArHACH, LiGBTKooT, &c. SkohJ Edilhtt, 4to. Cloihgill, ; 

■' 'GoWm t«vei' nby r»r ihe mcnii impoiuni booli of Ih* wsunn. ThelllinK 

"IIk Peuiu are Klecud with uute uid judgnKnl."— rfnin. 

c firm drawings by fyfAaii. Kcalmi, [Hnby, Lcille 






le K end V Reckoner, conlainirig RecUoning Tables fniin 
- ,'l>e..ny lo one I 
1 leather, 4/6. 



I- thirty-H 



CHRISTISON (John): A COMPLETE SYS- 

^ TEM OF INTEREST TABLES at 3, 4. 4>i, and 5 per Ceal. j Tables 

^^L uf Exchange or Commissiuo, Profit and Lois, Discount, ClulhJeis', Malt, 

^^H spirit, and variouE other usefnl Tables. To which is preRied the Merean- 

^H tile Re- ■ "- ■ ..-.-— .-..■- . 



THE WORKS OF WILLIAM COBBETT. 
THE ONLY AUTHORISED EDITIONS. 



COBBETT (William) : ADVICE TO YOUNG 

Men and (inddenially) lo Young Women, in the Middle and Highei 
Ranks of Life. In a Series of Letlen addres.sed to it ^'oulh, a Bachelor. 



a Luvct, a Husband, a Father, a 
IIVM aibnii-alik I'onrail oh Site/. 
^' (Jobbelt'ii great qualiticH wtn immc 



rorcec^H 



a4 CHARLES GRIFFIN <t COMPANY S 

William Cobbett's Works — (Cetitininil). 

CODDETT (Wm.): COTTAGE ECONOMY: 

Conlaioiag infonnstion relative to the Brewing al Beer, Making of Bread, 
Keeping of Cows, Pigs. Bees, Poultry, &c. ; and relative to other matters 
deemed UBcful in conducting the aflairs of a Poor Man's Family. ElgAtiattk 
EdiliBa, revised by the Author's Son. Fcap Svn, Cloth, a/6. 

-EDUCATIONAL WORKS. (See 



iS.) 



A LEGACY TO LABOURERS: An 

Argument ihowing Ihe Right of the Poor to ItelieT from the XatA. With 
D Preface by the Aulhor'sSon. John M. Cububtt, late M.P. for OldWn. 
Nru R/i/iim. Feap 8vo. Oolh, 1/6, 



biRuenci: us Liberal It 




\ Ihc ablest Patlti 



■;t0^m«^ 



^tUlcii irriter Eaftand ewr praduccd, a 
this day. . . a It it a real ucu tn n 



- A LEGACY TO PARSONS : Or, have the 

Cleigy of the Established Chmch an Equitable Right to Tithei and 
* Church Property? Nrji Bdilim. Fcap Svo. Cloth, l/6. 



COBBETT (Miss Anne): THE ENGLISH 

^^ HOUSEKEEPER ; or. Manual of Domestic Managemetil. Conlaining 



Advice on the conduct of Household Aftnira and Practical InstnictioL... 
intended for the Use of Voung L«dies who andertake the supcntilcndence 
of their own Hou^eljccyMng. Fcap 8i-'i. Clolh. 3/6. 



COOK'S VOYAGES. VOYAGES ROUND 

T"H E WORLD, by Captain Cook. IUu5traled with Maps and ni 
Engravings. Two vols. Super-Royal Svo. Cloth, 30/. 

DALGAIRNS (Mrs.) : THE PRACTICE OF 

COOKERY, adapted to the business of Eveiy-day Life. By Mtv Dal- 
RAIKNS. TAt itst Iwifor StoUh diiha. About Fifty new Redpes have 
been added to the present Edition, but only sech as the Author has bad 
, adequate means of ascertaining to he valuable. Samltaiik EJUUn, 
nJtapSvo. Clolh. {In fr^mrttlion.) 
" We eonsiilet *e liiv< itiunn itton^f 

, ani Vra£tM:»\ lyMt™ o' ""iL — . 

■ BJ lire cmioWTf imUmuii. — S»ttt«< 



cc 
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i 



'AUBlGNE(Dr. Merle): HISTORY OF THE . 

REFOK.\lATION. Willi the Author's blest additions and a new Pre- 
bee. Many Woculcuts, and Twelve Engravings on Sicel, illustrative of 
the lite b( Martin Lt;THEi(, after Lauouch&kb, In uue large volume. 
Demy 4to, Elegantly bound in clulh, 3i/, 

" In ihu «ljiii>n (hr prininul acivo-t utd ficract in rhc m*t drama or ihe SiKiecnrh 
Ccnlurr "t Uuughi vividly btlbrc thr eye of [he iwdti.T>y ihe Jiliili nf Ihc anim and 

DNALDSON (Joseph, Sergeant in the 94th 

Scots Raiment) ; 

RECOLLECTIONS OF THK EVENTFUL LIFE OF A 
SOLDIKR IN THE PENlN.SliLA. .Vr.i, £Jir,an. ¥ctp 8vo. 

"■'" sidts and edges, 4/, 

fcRTH DELINEATED WITH PEN AND 

PENCIL (The): An llluslnied Recoid of Voynges, Travels, and Ad- 
Tcstnres all round the World. Illusliate<l with more than Th-o Hundred 
Engravings in the lir<tl style of An. by the most eminenl Atlisls, including 
NdKial from the mosler-peoci] of Gt^kTAVE L>or£. Demy 410, 750 pages. 
Vay baixbomety bound, zi/. 



MRS. ELLIS'S CELEBRATED WORKS 

On the Influence ami Ciiaractf.r of Women. 

THE ENGLISHWOMAN'S LIBRARY: 

A Seties of Moral and Descriptive Works. By Mrs. Ellis. SomU 
8vo. Cloth, each volume, z/6, 

I.— THE WOMEN OF ENGLAND: Their Social DuUe* a 

Domestic Habits. 'I kirtr-mnth Thousand, 
2,— THE DAUGHTERS OF ENGLAND: Tlieir Poulion InJ 
.Society, ChBTBCter, and RespoiisibillEies. TvUHtiHk TiatuaitJ. ' 
J.— THE WIVES OF ENGLAND: Their Rdolivc Duties, 
Domestic Influence, and Social Obligations. Eighttimh 

4. -THE MOTHER.S OF ENGLAND: Their Influenc 

sponsibilities. TiatiilittA Tioiisand. 
5.-FAIUILY SECRETS; Or. Hints to mate Home Hippy. 

Three vols. Twtnty- third Thousand. 
C. -SUMMER AND WINTF.R IN THE PYRENEES. ThOk 

Theusaud. 
7.— TEMPER AND TEMPERAMENT ; C 

Character. Two vols, imtk Thousand. 
S.-rREVENTION BETTER THAN CURE; Or, tht 

Wants of the World we live in. Txrdjlh Thtusamd, 
9.— HEARTS AND HOMES; Or, Social Diicinctionb. TluM 

vols. Te%ih Tkauivid. 




36 CIIARLSS OBIFFIS i COMPANTS ■ 

THE EMERALD SERIES OF STANDARD AUTHORS. 



BURNS' (Robert) SONGS AND BALLADS. 

With »n Iniroduciion on the Character and Genius' uf Bums. Bt 
Thom\s Carlvlc CaiefuU^ printed b ontiqtie type, and illustrated 
with Portrait and bcaulifuj Engravings on Steel. St^und Tiattsami. 
Cloth, E'l' cJgcs. 3/- 

RYRON (Lord): CHILDE HAROLD'S P!L- 

■ GRIMACE. With Memoir by Professor Spaldimc Iliustt«ted will^ 

PoHiait and Engravings on Sted, by Gkeatdach, Millek, Lichtfoot. 
Sec, from Paintings by Cattebmole, Sir T. Lawkznce, H. Howard. 

and STOTHlKr. Beautifully printed on toned paper. Third TktHsaxir^ 
Clolh, gilt edgei, 3/. 

I CAMPBELL (Thomas): THE PLEASURES- 

OF HOPE. With Introductory Memoir by the Rev. Charles Roceks. 
LI.D., and several Poems never before published. Illustrated with Pi ~ 
Irsul and Steel Kngravings. Ssond Thattand, Clolh. ;jilt edgn, 3/. 



CHATTERTON'S (Thomas) POETICAI 

' WORKS. With an Original Memoir by Frederick Martin, an _ 

Portrait. Beautifully illustrated on Steel. anJ elegantly printed. FoHt-^Jk 
Thousaad. Clolb, gilt edges, 3/. 

GOLDSMITH'S (Oliver) POETICAL WORKS- 

With Memuic by Proressur .Spaidikg. Eiquisitely illustrated with Sted 
Engisvings. Nfte Edition. Printed on superior toned paper. SrV€r»XA 
Thousand. Cloth, gilt edges, 3/. 

GRAY'S (Thomas) POETICAL WORKS. With 

Life by the Rev. JmlN Mitfokd, and Essay by the Earl of Carlisi.e- 

With Portrait and numerous Engravings on Steel and Wood. Elt^uttly 

? Tinted on toned paper. Elan Edilwn, aiilh the Latin Ptemi. SijcfA 
'hmisand. Cloth, gilt edges, S/. 

HERBERT'S (George) POETICAL WORKS. 

With Memoir by J. NlCKOl^ B.A., 0«on, Prof, of English Lilenitun: ''■ 
the University of Glasgow, Edited by CHARLES COWDRN Clab*K- 
Anti(]ue headings to cadi page. Secomi Thatannd. Cloth, gilt edgs, 3/- 

IJCEBLE (Rev. John): THE CHRISTIAN 

YEAR. With Memoir by W. TEMfLE. Pontait, and Eight beautifii' 
Engravii^ on Sted. Second Tifiuiand. 

C\<^, ^ii. edfiK, .... j/. 

lAoraciOi i^^juo, .... va<.&. 
MiWU^e. ■^i'^ 




ifiti / 

i 



OMNEHAL PUSUCATtONS. 27 


The Emerald Series— (Cff/'/'>iHirf). 

POE'S (Edgar Allan) COMPLETE POETICAL 

WORKS. Edited, with Memoir, by [ames HiNNAV. Full-page lUus- 
Uations after Wehnert,Wiek,&c. Toned paper. TkirtteMh Tkamiind. 

_ Cloth, gilt edge. 3/. 

^ Mabchi(e, , 10/6. 

^1 Other ivluims tH prtfaralion. 


"^ FINDEN'S FINE ART WORKS. 


BEAUTIES OF MOORE: being a Series of 

Portiiiti of lii-, r'rincipal Female Characters, rrom''PainliDgs by etninent 
Aitists, engraved in the bighesl alyle ..f All by Edward Finden, with a 
Memoir of [he Poet, and Descriptive Letterpress. FoUo. Cloth gilt, 4a/. 

ORAWING-ROOM TABLE BOOK (The): a 

Scries of 31 higlily-finislied Steel Engravings, with descriptive Tales Ivf 
Mra. S. C. Hall. Makv IIowitt, and others. FoUo. Clulh gUt, at/. 

GALLERY OF MODERN ART (The): a Series 

of 31 highly-finished Steel Engravings, wiLh Jescriptive Tales by MtS. 
S. C, IlALL. Mary Howitt. and others. Folio. Cloth gilt, ai/. 


FISHER'S READY -RECKONER. The best 

in the World. JV™ EHHon. iSmo. Cloth, 1/6. 

GILMER'S INTEREST TABLES; Tables for 

Calculation of Interest, on any sum, for any number of days, at Ji, I, 
i%, 2. aX. 3. 3Ji- 4, 4^^, 5 "iKi 6 per Cent. By Robert Gilmm. 
Corrected and enlarged. Eleaenlk EJitian. ilmo. Cloth, 5/. 

GRAEME (Elliott) : BEETHOVEN: a Memoir. 

With Portrait, Es^^y, and Rcmarli^ on the Fianofoite Sonatas, with 
Hints to Students, by Dr. Feri.inasd Hcller, of Cologne. Steond 
Bdiliim lUgAlly mlorgid. Crown 8vo. Clolh gUl, elegant, 5/. 

■•Thb ekguil and LnWrMrinB Mtmoir. . . . Thl MWal. prenlest, and nsH H 
[Bdablc >kEti:h of (he iomarUd Matter aiVi<j!:\^~Miaw-l Standard. ^ 

"A endous anil uleasint Memoml orihc Cei»Enary."~54n-Ait0r. ^H 

*- A NOVEL WITH TWO HEROES. J 

Stcoi^ Edition. In 2 vols. Post Svo. Cloth, zr/. ■ 
^^L . . . de^ioBU/on of ihiiattcr remartalily good."— i/ni«Hr. ^H 



CHARLES QRIFFIN <t COMPANY'S 

' SCHILLER'S MAID OF ORLEANS : {BtT 

/ungfrau iim Orltaniy Rendeicd into Engli!^ by LEwrs Filmore, 
ujuiilator of Goethe's Faust, With admirahlc Portniil of Schillsr. 
CDgiaved on Steel by Adlard, and Introductory Notes. In Crown Syix 
Toned paper. Clotb, el^nnt, gilt edges, 3/6, 

" Mr. FiliDon'i ucelltni traniktimi daems In b* Tcsd by jtlt."— JViirMm St 
"Thcdrami hu found in Mr FilisDn a (ailhliil anil cynpailunic mmla 



I'SHAKSPEARE: THE FAMILY. 

Dramatic Works of WILLIAM SHAKSPKARE, edited and e . 
adapted for Home and School Use. By Thomas Bowdlbr, !.._ 
Witb Twelve beautiful lllusIratiuDt on Steel. Nm EdilieH. Ctown Si 



*,* This uniqut Editien a/ Ike great dramatist it admirabfy sttUtd M 
imnr list; lahili obirctianalili phrases have bien exfargalal, ho rask liit 
have been takat v>Uk Iht ttxi. 




have (cniAg up 

cmoTxl the irork generally nman 
Zwrf ytffr^ !t til ^JuAir{i 



f SHAKSPEARE'S DRAMATIC & POETICAL 

WORKS. Revised from Ihe Original Editions, wiUi a Memoir and 
Essay on his Genius by Barby Cornwall; and Annotations and 
Inlroductoiy Remarks on his Plays, by R. H. Hobne, and other e; 
writers. With numerous Woodcul Illustrations and full-p- 
EngrsTin^ by Kenhv Meadows. Tenth EiiUifin. Three vi 
lojiil 8vo. Cloth, gill, 42/. 



l.SHAKSPEARE'S WORKS. Edited by T, 

Halliwell, Y.R.'?.., Y.S.^. With Historical Intcodoctiotis, Nj 
Eiplonaloty and Cniicai, nnS. u ^«\m. cX. _. . — 

voU. Rojb1*no. CW-iisivv^l. 




QENKHAL PUBLICATIONS. 3; 

MR. SOUTHGATE^S WORKS. 

■ITord [o di>pcDM wilh Mi, Soi'TinnTii'sWoKKrO'— (Jiliijwin Mrtial, 

First Series — Thirty-Second Edition. Second Series — 
Seventh Edition. 

MANY thoughts OF MANY MINDS; 

Sclcclions ami Quolations from the best Anthor^. Compiled and 
Analytically Arranged by 

HENRY SOUTHGATE. 

In Sqaoie 8va, elegintly printed on Toned Pa|icr. 

Presentalion Edition, Cloth and Gold Each Vol. n/C- 

Libraiy Edition, Roxburgbe, „ I ' 

Ditto, Morocco Antique „ 2 

Eaih Scries lomplete in ilitlf, anii s«Ul sefniralfly. 
"The producr ofreara of nHrardi."— ff Jamf^r. 



^ch X book u 1 library."— /'a/»i»i. 

'"Prendien and Public Soenliminll find thil thcmric hai ipecial iuc> fbr Ibem."- 



BY THE SAME AUTHOR. 
Now Rtndy, Secand Edition. 

SDGGESTIVi: THOUGMS ON MUGIOOS SUBJECTS: 

A Dictionary of Quolations and Selected Passages from nenrly 1,000 of 

the heat Writers, Ancient and Modem. 

CompUed and Analyticaily Arranged by HENRY SOUTHGATE. In 

Square 3vo, el^antly printed on toned paper. 

Presentation Edition, Cloth Elegant, 10/6. 

Libraiy Edition, Roxburghe, ' 

Ditto, Morocco Antique, . 

iMsy Seciion o( the one CaUmlic Ch - , 

This i* another of Mr- Soi^IhgateV mo«( valuable vc . - - --- __— ,. 

Ihe Author 14 w suLxeshilly provcuting in liBnvfure IE not ooIt highty bneticUI, IwE 
ary in this a^E. ... If men on: to make nn v ncqu^ntoncc al all wiih the ere«t 
of the world, they can only d(i«a wiih the meaa-t Ahlcti our Author mppliei- — Hwmiliai 

"A ^ke£ of gcmll." — EHgtiik CifmJunam. 

" Ur, SQUth^te's work has been compiled with a Ereal deal of judfiinenE, and \t 
tmO, be eiiensively uieful."— At. Canon LUdan. ZLO., D.CJ.. 

" Many a buiy Chli«un leacher wUJ be Ihankful to Mr. Sauihgale for T * 



jble compilatiDD u 

Iccted (Wiin the ben awlvm Vk lA 
buTgk Daily R ' 



f 32 rilADl.Ks GTtlFFIX f- Vf}:S GES-KBAh PVBUOATtONS. I 



THE SHILLING MANUALS 

BV JOHN TIMBS, I'.S.A, 

Author ai "Tlie Curioaitiea of London," &c. 

■Dtuning FacU and Anccdotei iiitcrcittf|| 
Fcap 8va. Bound iii neat datb 
FH^e Out Shilliit^iacA. 

I.-_TIM3S' CHARACTERISTICS OF EMINENT MEN. 
II.— TIMES' CURIOSITIES OF ANIMAL AND VEGETABl 
LIFE. 
Ill,— TIMBS' ODDITIES OF HISTORY AND STRANGE STOrJ 

FOR ALL CLASSES. 

IV.— TIMBS' ONE THOUSAND DOMESTIC HINTS on the Chi 

of Pruvidom, Cookery, and lliiuickeeping ; nevi Invmtioo* ^ 

Improvements; and vanoos branches of Hoiueliold Manage 

v.— TIMBS' POPULAR SCIENCE: R?cenl Reearches on (he J 

Moon, Stan, and Meteors ; the Eirth : Phenomena 

Sight, and Sound : tnvenlioni and Diicot-eties. 

VI.— TIMBS' THOUGHTS FOR TIMES AND SEASONS. 



OplBiont of tits Praa an ts. 
bmks of abflal ■ huDdred inffH 



'TIMBS (John, F.S.A.): PLEASANT HALl 

HOURS FOR THE FAMILY CIRCLE. ContaioinE Popular Sdeng 
One TboDsand Domestic Hints, Thoughts for Times and Seai 
Oddities at HislOry, and Cluiinctemtics uf Creat Men. S/Vfiiif Edit 
>'cap 8vo. Cloth gilt, and gilt edgei, j'. 
" L'oiiUint B wallh of ii»rul mding of the Brinicil psuible tii\<:ty''—Piymi^ 

WANDERINGS IN EVERY CLIME; 

\'oy[igci. Travels, and Adventures All Round Ihe World. VAiWA by l( 
F. AiNSWOKTH, F.R.G,S.. F.S.A.. &c., and embellished with up**-' 
nf Two Hundred Illustrations by the lint Artiit^ including sevttalig 
the innstet-pcncV\ ot Guxtkv^. 'tioat, \vti»,i tja, goo \ ' '*' 
and (fold, h«v«Wtd>iQM4s, ni- 




JRTB (W. FJ, Einh Delmciicd, 

ndcruies ia Evcfv Clime, . 

r fW., M.D.), Science and Pnctie 



>(Pm£», Geologr, . . . 

Pral.), Sluilnl'i'NsIunl HiOsry, 

L), Golden Lsiircs, 

(A. W.;, Hy^tae and Public Heat 



RAM [LcnJ), Pale/s Nalural Theclg 
E CW. R-i Btudml-s Mechanics, 
lundadoiu or Mechai.iu. . 



Vir^ifinPaJ^^ 



■isoSjy 



(MaguireX 

Moiai 



FTBE sciences, 9 toI.., 
:T(Win.>, AdviccloYoang'Moi - 



tncy Hf LAbouren, « • . 

Do. Parsoiu. - i • « 

f-S Mangnall'i Queslisd, . . 

DGE cm Method, , . . 

\G.), HinorvotEngiiJi Lilerahor, 

Miuiun] of do. 

K'S CONCORDANCE, by Eadie, 



EU.X*orl 



(iaPans); 



IRN'S COOKERY, . , . 
i n^r). Animal CrcatioD, . 
SNE'S Oiitan oflbc RefanDBlion, 
>r.X Celeilial Sceneiv, . , 
iriffian Phdaaopher, • . ■ 
DSON W^). EveDtfii] Lib uf 



V (A. J), SpenbiK by IHcialioo, 
AS (J- C-X Maniul of Telegiaph C 



tctiomryorB 
Mn.), Englbi 
LD SERIE 



STANb'AI 



*"S FlijE-ART WORKS, 
■S READY-RECHONER, . 
CJProf.), KocnbukiyofPfiiloioplii 
tOiai.), Sloryofiht Bible 
*«/. W.A fcwe History, . 
KJ luiemt Talilo, . . 



GOKE(0,),EL , 

GR£UE (Elliall). BecthonD, - 

Navet with Twn Hems, 

GRIEFIN CJ. i.i. Chemical Recn 

Do. 

OtJRDEN fR.), Tniverar Tabla, 

HARRIS{R< 

~"i^^- 



o"t.%™): 



HOGARTH'Voriugf, 



ilary OD ihe Bible. 



IAMIES014(A.), Manual of Ihe Steal 

KEBl.ES CHRISTIAN YEAR. , to, 

Do., Vaj, 

KITTQ (Rev. Dr.l, Tha Holy Land, 

Piciorial Sunday Eook, , 

KNIGHT (Unula), Pictorial CaOery, 

LEARED (Dr.), Imperfect Dtsellilin, 



!ILLER(T,1 UuiEiuuenf Fluwen, 
[lLLER(W.C.),Kiilo<iophyorLaw, . 
lOFFlTT (Dr.), iBsimction for Anenduu 



Elecuo-Meiailunfy, 
PHILLIPS (John), Manual of Geology, . 
PHILLIPS a. A.\ Elemenls of Metillun 
POE (EdaarV Pocflcal Wotk. of, . . 
POETRY Ol THE YEAR. . . , . , 
PORTER {SuiB.'Mi].), Sutceon's Fockel-Boek. x* 
RAGG fRev. ig, Crealian'il'eUiiB— 
RAMSAY [PnTX Romu Anliquili 



- Latin Promdy, 
- Do. EUunV., . 



Elein 



RELIGIONS OF THE WORLD, 
SCHILLER'S MAID OF ORLEANS, 
SCHOOL BOARD MANUALS, . 



SCOTT (Rev. Tho*,), CommeBiaiy gu ihe Bible 
SEATON OS E.X Murine EnEineerinE, ■ ' 
SENIOR (ProtX Poliikal EemiMBy, 
SHAKESPERR Burlier'. Family, 

BaiTv Ci»n«ir» 

HallfweU-i, ..... 

SHELTONfW. V,). Mct^hanic'i Guide, . 
,'i'E(H.KM»nyTliuii«hl.ofMa, 



:l'hau^,U, 



TKOUSON(Dr. ^leiicet}. hoaeulc Medidi 
THOMSON'S SEASONS, . 
TIMBS'aohDXShiUiiuMaouak, . 

PleMint Hair Ham, . . 

n'HATELY (AKhbiihop), Lo^ . 

\ WORDS K^DWoiXSVl^ WlW-tXSaSKSJ 
\ \.OB.O, . . . ■ - - •. 



FiBST smiES-THmrr-SECono edition. 

SCCOUD SERIES-EIGHTH EDIJIOH. 

TANY THOUGHTS'OF MANY MINDS: 

L Tn&anrj of Eafonnoe, conEistiug of Selaotloii] ftom tls Wiilksgs of tlig mtnt 
(Wtbntol Anthon. FIBST AND SECOND SERIES. Oompil^ tnd AinlTtlaUJr Amnsri 

By HENRY SOUTHGATE. 



hSquartitt., alcsiiiiilfpHaltditUmitpi^tr. 
Edition, aotti and Gi'Id .^ » 13k M. mob r^ilumo. 
EdltioD, QikU Boniid, Oaibnrghc ... ._ llik „ 

1., MfBocca AntiiiDB ■» .'> -,- Via- ^ 



"'IIa^t TaotiaHTs,'fto,.»« i 



Ilk* ft tiUb p^uavoDDS bn 
I'sUl and QuMfl 

'A tRuaiB M BTBIT rad 
i&M enough In ptBHC U. 1 



Fldariblj 
;b&AndiBjlo 



"Will be round to be 



rarth IM mltb* m KoU 



tbnndoit thoub^ ud lU ((low wUk Uas IoCUb* 
[DCldntloni at BnHtH."— Aip. 

"Tba workiJUr. SoqUigHatvODtitoipi ill 
dtlunofltddnd. lUthtcWimu, tkuUif, 
thfl Hitift, and tba ^mayitt^ ' llaoj Thousfalt aC 
Uldt Wi^ ' duinoi Ml Co nndn alioew Iscat 
oulBUe aBrTln'— UtaAvvt Manrg. 

" W«hini»tMltUl«iiiteMnTlnA 
Hr. SoolbgUe^ H Iha ntj hart buk of IM 

Tli«altpMlUT*Iyiiothliisa(t)ialiliidlath 

giuwB tliat vnibeu ■ mooiMit'* canuufnci wltli 
IE."— JTuMlnlcr Wii*i- Jd»H— - 

" Then la dd moei 




